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CHAPTER I

Introduction

Equilibrium thermodynamics is a phenomenological theory of 

matter, and, as such, it makes no assumptions regarding the struc
ture of matter. Ratherbased on three general laws of nature 

(the three laws of thermodynamics), the science of equilibrium 

thermodynamics seeks to correlate many of the observable proper
ties of matter such as specific heat capacities and heats of va- 

1porization. In this role, equilibrium thermodynamics has developed 
into one of the cornerstone theories in classical physics.

A limitation of equilibrium thermodynamics is that every proc

ess is assumed to be a succession of equilibrium states. These 
processes are called reversible processes and no entropy is pro
duced when systems undergo such processes. There is no attempt to 

describe phenomena which occur in systems which acre not in states 
of thermodynamic equilibrium. Thus, equilibrium thermodynamics 
cannot provide the description of phenomena such as the flow of
ions across the cell membrane or the transport of energy into the

2earth's atmosphere from the sun.
The accurate description of phenomena occuring in systems a- 

way from, but near, the equilibrium state is found in the study of 
non-equilibrium or irreversible thermodynamics. Irreversible ther
modynamics is the study of systems in which entropy is created due 
to the presence of non-equilibrium processes. All systems are as-
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sumed to be near equilibrium, but not in equilibrium, so that a 
given system can differ by small, but finite, differences with 

respect to its surroundings.
The differences between a given system and its surroundings 

give rise to the thermodynamic forces which cause flows of such 
things as mass and energy between the system and its surroundings.

A common example of such a force is the electrical force due to 

potential difference across a given boundary. (The flow caused 
by this force is the familiar charge flow or electrical current.)
The presence of these flows and forces produce entropy in the sys
tem, and the thermodynamics of irreversible processes must be used

3, 1+in the description of such systems.
When twTo or more irreversible processes occur simultaneously 

in a given system, they can interfere and give rise to new; effects. 
The study of such phenomena began formally in l801 when Rauss dis
covered that the application of an electromotive force in a porous 
media produced not only a flow of charge, but also'a flow of volume.

In addition, the application of hydrostatic pressure was noticed to
5produce not only a flow of volume, but also a flow of charge.

Such phenomena are summarized by stating that there may ex

ist a coupling between forces of one type and flows of another.
For processes sufficiently near equilibrium, any flow is assumed 

to linearly depend on all of the forces; thus, the flows and forces 
are considered coupled. The consideration of the coupling between 
the flows and forces is an essential feature of the thermodynamics
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or irreversible processes.

The subject of this presentation is the transformation of 
the equations describing the coupling between the flows and forces 
to a more convenient form, both mathematically and aesthically.
In the development that follows, we have been able to interpret 

such phenomena as active transport in a simple, but powerful man
ner.



CHAPTER II

Equilibrium Thermodynamics

1. Thermodynamic Systems

A thermodynamic system is defined as any quantity of matter 
bounded by a closed surface. The surface can be a real boundary, 
as in the case of a tank enclosing a certain mass of gas; or, the 
surface can be imaginary, as in the case of a mathematical surface 
enclosing a liquid as it moves through a pipe'.3

In the most general cases, a given system can interact with 
other systems by exchanging thermal energy (heat). Any systems 

that can interact with the given system are called the surroundings 
of that system. If the system is in the very special state, such 

that no interaction can take place between itself and its surround
ings, the system is said to be isolated.

2. Thermodynamic States

The state of a thermodynamic system is determined by certain 
quantities that specify the state. These quantities are called the 

thermodynamic coordinates or state variables of the system. Common 
examples of these quantities are pressure, volume and temperature. 
If the values of the thermodynamic variables are constant in time, 
the state is referred to as a steady state. Any function of the 
state variables that describe the state of the system is called a 
state function of the system.

In an isolated one-phase system, it is observed that initially
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quantities like pressure and temperature may vary in time. How
ever, if the system is left to itself, the changes in these quan

tities gradually decrease and eventually become zero. The final 
steady state of such an isolated system is characterized by state 

variables that are constant throughout the system and in time.
This state is a very important one in thermodynamics; it is called 
the equilibrium state. If the system is composed of more than 

one phase, for example, a container holding a given amount of liq
uid along with a gas, the thermodynamic coordinates in the equilib

rium state are constant in each phase, but may vary from one phase 

to the other.

3. Processes
Any change in the thermodynamic coordinates of a system is 

called a process. If the process is carried out in such a way that 
the thermodynamic coordinates are constant throughout the system 

at each instant of time, the process is called reversible. Thus, 
we can define a reversible process as a succession of equilibrium 
states. In fact, all real processes are irreversible, because they 

occur with finite differences in the state variables. But, if a 
process is carried out in a very slow manner, so that the values 

of the state variables change very slowly in time and throughout 
the system, the real processes can very nearly be considered a re
versible process. The ability to approximate real processes as 
reversible processes has given equilibrium thermodynamics the power 

to describe a wide range of physical phenomena.
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h. Special Systems

We can describe three general classes of systems; adiabatic 
systems, closed systems and open systems. Adiabatic systems are 

enclosed by vails that prevent both the exchange of matter and 
energy with their surroundings. Closed systems are systems en
closed by vails that allow the exchange of heat with the surround

ings but prevent mass transfer. Open systems can exchange both 
energy and mass with their surroundings. Equilibrium thermodynam
ics is chiefly concerned with the description of adiabatic and 

closed systems. The study of open systems is better described by 
non-equilibrium or irreversible thermodynamics.

5. Thermo dynami c Laws

The science of thermodynamics is based on three general laws 
of nature— the three laws of thermodynamics.

A. The First Law

The first lav of thermodynamics is a statement of en

ergy conservation. Consider the net transfer of ener
gy across the boundary of a system. The energy of the 

system is increased by an amount just equal to the net 
energy transferred. Thus, the change in energy U of 
the system is

A u = - U{

vii ere L i represents the energy of the system in
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the final equilibrium state and (J represents the 
energy of the system in the initial equilibrium state.

/\ U is just equal to the difference in the amount 
of energy flowing into the system, Q  , and the
amount of work done by the system, W  , or,

AU = Q - W

The energy of the system 1/ is called the in
ternal energy of the system. The change in internal 
energy of the system is dependent only on the initial 
and final states of the system, and not at all on the 

process by which the system is changed from one state 
to the other.

The first law can be rewritten in differential 
form. Consider the final state of a system that dif
fers only infinitesimally from the initial state. The 

change in internal energy can be written as of U  , a 
differential of the internal energy of the system, be
cause the internal energy differs only infinitesimally 
from one state to the other. Thus , if Q  represents 

an infinitesmal quantity of heat flowing into the sys

tem, and S  id represents an infinitesmal amount of 
work done by the system, the first law can be written as

d i x  = d ' Q ( 2 . 1 )
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The primes indicate that both the amount of heat 

flowing into the system and the amount of work done by 

the system are not exact differentials even though the 
difference between these two quantities is an exact 
differential. Both ¿1 Q  and ($\jJ are dependent on 
the process by which the system is brought from the i~ 

nitial to the final state.

B. The Second Law
The second law of thermodynamics is a principle 

which determines the direction in time in which a phys

ical process can take place. A state function called 
the entropy was first introduced by Clausius to state 
the second law analytically. In terms of entropy, the 
second law can be stated: In every process in an iso

lated system the entropy of the system either increases
7or remains the same:

Consider an isolated system in a state of maximum 
entropy. Any change in the entropy of the system- would 

require a decrease in the entropy of the system, and 
such a change in the entropy cannot occur by the sec
ond law. Thus , a system in a state of maximum entropy 

cannot itself change its state. We recognize this as 
the condition for a system to be in equilibrium. That 
is, the equilibrium state is identical with the state
of maximum entropy.
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It is important to realize that the above state

ment of the second law is good only for isolated sys
tems. In a general sense, the entropy of a non-isolated 

system may decrease: but, the entropy of other systems 
that interact with the given system increases by at 
least an equal amount. This last point is especially 
important in the consideration of open systems and is 
more accurately described in the study of irreversible 

thermodynamics.
The analytical statement of the second law is con-

8tained in Clausius' Theorem: In any cyclic transforma
tion throughout which the temperature is defined, the 

following inequality holds:

where the equality sign holds if the transformation is 

reversible. The quantity --¡¥- is called the entropy 
S of the system.
The true meaning of reversible and irreversible

processes are contained within the second law. We fol-
9low in part the method of Kirkwood and Oppenheim to e- 

valuate the change of entropy in an irreversible process. 
Consider an adiabatically isolated system, represented by 
a T~S diagram (Figure l). The initial state of the sys
tem is represented by temperature I , and entropy S,
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We allow the system to undergo the following cyclic 
transformation:

(l). The system changes irreversibly, with the 

performance of work, to a final state with 
temperature ~T ̂ and entropy ^

(II) * I"16 system is then reversibly brought back
to its initial temperature T/ at constant 

entropy, by performing work on the system; and, 

( m ) -  H-e cycle is completed by removing the adia
batic restriction and letting the system take 

up heat from a reservoir at constant tempera
ture, so that the system is reversibly returned 
to its initial state.

Applying the Clausius Inequality to this cycle, we
have,

I n m.

But, along path I the system was adiabatically isolated 
so that no heat could enter or leave the system. Thus.

T - o

This, however, is not equal to

S, - S,
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,

T
is defined only for reversible processes. Along path 

II the entropy vas held a constant, so that

S > °
V-

The only contribution comes from the integration over 
the third path

S ' d S - '  s , - s 5 < o

■HE

and, since

we find that

d S

s, c s ,

We conclude that the entropy of an isolated system in-
creases in every irreversible process.
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C. The Third Lav

The third lav states: The entropy of a system at 

a temperature of absolute zero is a universal constant, 
which may be chosen to be zero. This law provides a meth
od to determine the entropy of different substances. The 

third law renders unique the entropy of any state of a 
system.

6. The Role of Equilibrium Thermodynamics

The entire structure of equilibrium thermodynamics is dependent 
on the notion of equilibrium states and reversible processes. As 
' has been mentioned above, there is no provision for processes oc~ 

curing in an irreversible manner in equilibrium thermodynamics. Thus, 
many important problems such as the transport of ions across cell 
membranes cannot be considered in the light of equilibrium theory.
Only in cases where the 37/stems can be considered as undergoing re

versible changes can the above laws be useful. In all other cases, 
the thermodynamics of irreversible processes must be used to explain 
the observed phenomena.

In this presentation, we chiefly will be concerned with systems 
in which irreversible processes are occuring. The principles of 

equilibrium thermodynamics can serve as useful guidelines in the study 

of irreversiole phenomena; but, the exact description and analysis 

of real systems must be incorporated into a larger, more general 
theory.



CHAPTER III

Non-Equilibrium Thermodynamics

1. Entropy Production
We have stated that in systems undergoing irreversible proc

esses, the entropy always increases. It is of interest to deter

mine the amount of entropy produced.
Consider an adiabatically isolated system described by para

meters . Let the equilibrium values

be denoted by £), , • Define

as the departures of the parameters from the equilibrium values. 

In an equilibrium state,

®d-

bĵ  definition.
Writing the entropy,

we have,

with respect to time and applying the chain
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rule we obtain (if ^  is not explicit function of time)

d S _ ¿) S
d t  Z j  <H

0=1

Calling (T- the entropy production

r dS. 
^  d t

(3.1)

and defining as a "flux" or "flow"

T -
t

(3.2)

and defining 0{ t as a "force'

V  - d i  
x ; ‘ =)<=</

(3.3)

we can write

<r = 2 ^ ;
¿-I

(3.U)

This equation defines the flows and forces that are to be 
used in the thermodynamic analysis of a system. When a set of 
flows J~( is chosen, the conjugate set of forces ^ c is de
termined by the above equation. The converse of this statement is 
also true; that is, once the set of forces ^  i is chosen, the
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corresponding set of flows J i is also determined.
Note that the product of any flow and its conjugate force 

must have the dimensions of entropy production. For a given sys
tem, the product of each force with its conjugate flow when summed 
over all flows and forces gives the entropy production. We note 
that there is some choice in the set of flows and forces that can 
he used to describe the system. Physically, this implies that there 

are many flows and forces that can be chosen , but, as long as we 
choose a complete set by the criteria above, we will still measure 

the sane value for the entropy production. Mathematically, we can 
interpret this by stating that the sum of the product of all flows 

with their conjugate forces (the entropy production) is invariant 
under an orthogonal transformation of flows and forces. This last 

point is considered in detail in Chapter V.

2. The Phenomenological Equations
Open systems have been described as systems that are able to 

exchange both matter and energy with their stir roundings. Thus , in 
open systems, we immediately become concerned with flows across the 

boundary of the system.
Consider an open system near equilibrium with its surroundings. 

Assume that we can express the flows as a power series in the forces

A typical member of this set of equations looks like
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J~/ ' Cio + C U '+ C,J 7(*

We inroose the condition that if

X, =■ °

then

I  -  °

We immediately find that

C - o ./ a

If we are sufficiently near equilibrium, we can neglect all but 

the first non-zero term. We can then write

J,

That is, the flows depend linearly upon the forces.

Examples of this type of dependence between flows and forces 

are well-known to physicists. Phenomenological laws such as Fourier’ 
law relating heat flow and temperature gradient. Pick’s law" relat 
ing mass diffusion and concentration gradient and Ohm’s law relat
ing electric current and potential gradient are all expressions of 
linear relationships between flows and forces.

In addition to a flow depending linearly on its conjugated
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force, it has been noticed that a flow can also be related to a 

non-conjugated force in a linear manner, as long as the system is 
near equilibrium. The observation of flows of one type depending 
on forces of another type began in 1801 when Rauss noticed that 

the application of an electromotive force produced not only a 
flow of charge, but also a non-conjugated flow of volume in a set 
of experiments on the electrical and osmotic behavior of norous 

media. Also, the application of hydrostatic pressure was found 
to produce not only the expected volume flow, but also a flow of 

charge. Seebeck noted a few years later that a temperature grad
ient in a bimetallic system, produced an electrical flow, and Pel- 
tier showed that an electric current caused a temperature gradient 
in the same type of system^1

These phenomena can be explained by considering the coupling 
between the flows of one type and the forces of another type. In 
the most general sense, any force can give rise to any flow. Thus, 
we formulate linear phenomenological relations of the type

J", - X/ X  + X  2 Xi. t • 1 ■ +" Lj -M /(v

Tu -- Lc J ,  + L n  ^  + • - " L  (3.5)

r X  + - ' 4 C,

xviere the X !S are flows, the 7■1 S are forces conjugate to the
set of flows, and the L ¡j 's are constants.
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The are called the coupling coefficients and the

U k (1 = K) are called the straight coefficients. Notice that

h 7 °

has the dimensions of flow divided by force. Units of this type 

are usually associated with conductance.

Also, the forces can be considered as linear combinations of 
the flows. Solving Equation (3.5) for the 'X 'S we have

t, ~ +■ ^  + 1 ' ■ * ^

/  - ^ ^  V "  ' ' + *■« T-

= ^ lL .  ^  + ' "  t ^  L

or,

= S p .-.t,
*=•

Accordingly,

X * ZJ". :0

has the units of force divided by flow. Dimensions of this type
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are usually associated with resistance or friction.

3. The Onsager Reciprocal Relations
Consider, for simplicity, a system with two flows and two 

forces. The phenomenological equations are

J,

II i- 1, (3.8)

h ll >- * + i 2. 2. / f ,

We have already stated that the and the À2 < are
cross coefficients. These coefficients  ̂iKii ̂ 0  describe the 

interference of the two irreversible processes 1 and V 
It is easily seen that the equations could become cumbersome. For 
the simple system we have chosen we must find four coefficients. 

For a system with three flows and three forces, we must find nine, 
and so on. The number of coefficients could easily become very 
large, even for a simple system.

However, a fundamental theorem introduced by Onsager in 1931 
saves us from this hazard. Onsager's theorem states that as long 
as the fluxes and forces are chosen such that

0- = Î I, H i¿> /

then

 ̂¿K ~  ̂K i • (3-9)
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Immediately, we see that the number of coefficients is reduced.
Physically, we can interpret these reciprocal relations by 

stating that the flux corresponding to the first irreversible 
process is influenced by the force of the second irreversible 
process ; also, the second flux is influenced by the first force 
through the same interference coefficient for the simple system 
of two flows and two forces that we have chosen. These results 
are easily generalized to systems with any number of flows and 
forces.

Onsager's theorem is valid only when the system is near 
equilibrium so that the phenomenological equations accurately 
describe the system. Also, the entropy production has to be ex

pressed in the form of Equation (3.^).

A brief proof of the Onsager theorem is provided in Appendix
I.

4. The Magnitudes of the Coupling Coefficients

The magnitudes of the coupling coefficients (i?k') are res
tricted by the positive definite nature of the entropy production.

Again, for simplicity, consider the system with two flows and 
two forces (a 2 x 2 system). The entropy production for this sys
tem is

r *■ h  t

The phenomenological equations for this system are
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J, Z, ft, + Z 2 ft X

TV ^ t+V
which can be written in matrix form as

where

and

J  - L  X

i i , \

J -- ' jJ

t  -
h , \  
( K , l

I jj~ ii

L  '
I ^

(3.10)

is the symmetric Onsager - matrix.

Substituting the phenomenological equations into the expres
sion for the entropy production, we obtain

(T - i,, Z ? * 4 W  ^ 2 ^
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^ ' Z I -

But, we know that in irreversible processes that the entropy must 
increase, so that

i ,X  > o.

Experimentally, we can adjust the values of % l and z 

Choose, first of all, to make z equal to zero, so that

¿ u  >  O

Next, make equal to zero. Then

L -to. > O

Since T, and %  2 have magnitudes that are real numbers, 
we deduce that

/ > o< 1/ '

and

L z z. > o
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Also,

Ln (̂/ + ol k ,i 'ft, 1(-i 1  / O

only if

^ / 2.

1-2, 1*2 2.
>  O (3.11)

Refer to Appendix III for a derivation of this result. Then

> O

or,

’ L// Z l > C

In general, ve can state that

and

A, > o

A:; I,.. >  A,--^  t/ *

(3.12)

(3.13)
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So we see that the magnitudes of the coupling coefficients are 

limited by the magnitudes of the straight coefficients.



CHAPTER IV

Orthogonal Transformations

1. The Mathematical Representation of a Transformation
The entropy production has been expressed in the form

<r ^ t  V f ,
l » I

For the simple 2 x 2  case, after the phenomenological equations 
have been substituted, we found that the entropy production could 
be written in the form

<T = t 7/,

We wish to consider transformations of the fluxes and forces which 

will enable us to write the entropy production in a simpler form.
The mathematical technique for such transformations has long been

9developed. We turn our attention to a brief discussion of the 
mathematics of orthogonal transformations.

Consider the matrix equation

= V x
(h.l)

We will restrict ourselves to those cases where f\ is a real 

symmetric matrix, since we are ultimately concerned with the Onsager
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- matrix.
The matrix /~j can be thought of in two equivalent ways.

In one sense, the matrix represents a transformation of the
vector A into the vector y  . In the other, the vector 
remains the same, but the matrix Pi changes the coordinate sys
tem in which the vector is being represented. If the length of the 

vector remains unchanged after the transformation is performed, the 
transformation is orthogonal. In terms of the components of the 
matrix f\ this condition is expressed as

(4.2)

where
For real

is the familiar Kroneeker Delta.
, orthogonal matrices the following hold true :

- I /X-*p\ n

pi fi = I

(4.3)

where 4

Let the 
on a vector 

as

is the transpose of the matrix 

matrix i~) be considered as 
X to produce a vector ^

/? •
an operator acting 

. This is written

n = f i x . (4.4)
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If the coordinate system is then transformed by a matrix S' , 
the components of X and y  in the new system are given 
by S  A and S y  . Equation (4.1+) transforms as

S j  -- S/9 (4.5)

If the inverse of o exists, we have

S' S I

Then we can substitute this into Equation (4.5) in the following 
manner

5 y - -S' p) ( 0 X 

5 y -- 5 ft s " s x

or,

(4.6)
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Since /'= 5 x is the representation of the vector X in the 

new coordinate system, and y ‘- Sy is the representation of the 

vector y  in the new coordinate system, we can interpret the 
operator P : S /JS as the representation of the operator ft 

in the new coordinate system. This transformation of the matrix 

($fl s ) 4 s known as a similarity transformation.

2. The Eigenvalue Problem
Of all the possible transformations, the transformation that 

changes only the magnitude of the original vector is especially 
useful. Symbolically,

X - (4.7)

where A is a constant. The values for which this

equation can be solved are called the eigenvalues, and the vector 
solutions for X are called the eigenvectors. Rewriting this 
equation we have

(Pi - A) A - O

or,
-A

- a. (4.8)
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Since this is an homogeneous equation, it can have a non-trivial 
solution only if the determinant of the coefficients vanishes

-  A < 4  '
oS
^  y / n

- A  ■ ^  Z  - n z O (4.9)

^  v  •
--» 1 • » !  M

This equation is called the characteristic equation. In general, 
the characteristic equation will have /n. roots corresponding 

to /n- eigenvalues with /VL corresponding eigenvectors. We 
denote the components of the eigenvectors as ^ t'j ; the first
subscript indicates a particular component of the eigenvector, and 

the second denotes which eigenvector is involved. Rewriting equa
tion (4.8) yields

-X) X, + ^ , 2 XL -r ■■ ■ = O

X, W<*Z2-A)/^ + • d (4.10)

A typical member of this group of equations can be written as
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Both sides of this equation have the form of a matrix product. 
We can rewrite this equation by defining

A =

A, o
A,o

A o
■ O A/M

so that the above equation can be written as

(4.11)

/9x X A , (4.12)

Multiplying each side of this equation from, the left by X 

yields

\  ft x •= A . (4.13)

The left side of this equation has the form of a, similarity trans-
Z) 12formation operating on the matrix n  . This similarity trans

formation reduces the matrix /? to diagonal form, the diagonal 
elements being the eigenvalues.

In the discussion to follow, we will consider the reduction 

of the Onsager /_ - matrix to diagonal form by means of a simi
larity transformation. The changes in the form of the fluxes and 

forces produce a change in the form of the equation that describes 
the entropy production. It is for this purpose that this work has
been done.
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Minimum Entropy Production

1. Stationary States

An important concept in the entire discussion of irreversible 
thermodynamics is the notion of a stationary or steady state. Of 
all possible processes that can occur, those during which all of 

the properties of the system are independent of time are of partic
ular interest. These processes are called stationary or steady 
state processes.

In a steady state, the flows and forces are constant in time 

J- -  constant 

y r const Cint

so that

= od i

i l*  = o .
ol t

Stationary states play a role in irreversible thermodynamics sim
ilar to equilibrium states in equilibrium thermodynamics.

We have expressed the entropy production as

O' -  i  i , ^  A i z )(f
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for a simple 2 x 2  system. Assume that we hold

^  - c o ks-j V >j-r

and allow ^ t to vary. Then,

(5.1)

But, it is experimentally observed that under these conditions the

flow due to the unconstrained force will decrease and eventually 
13become zero. Thus,

(5.2)

This equation says that the entropy production is an extremum in 
the steady state. Since the value of must be positive def
inite, the extremum must be a minimum. The stationary state is the
state in which the entropy production assumes the minimal value in

l4accordance with the constraints imposed upon the system.

Assuming that the system can be described by the phenomenolog
ical laws, that the Onsager reciprocal relations hold, and that the 
phenomenological coefficients are independent of the forces, the 

principle of minimum entropy production in stationary states is val
id.
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2. Uncoupling of the Entropy Production

In the equation describing the entropy production for the 
2 x 2  system

^  + X L,2 1, X2 t- yi»

we note that there is a cross term X  k, , Xx . Because of
the dependence of a flow with its non-conjugated forces , the en
tropy production contains the cross term X X, Xx. . We can i-
dentify the equation that represents the entropy production as 
that of an ellipse in a space where X , and X-z are the axes.
See Figure 2.

We observe that the ellipse is tilted with respect to the 

axes X, and Xz ; that is, the principle axes of the ellipse 
are at an angle with respect to X , and Xz. • It is because 
of the coupling

L z  *  °

that the ellipse is tilted. Mathematically, the form of the equa
tion for an ellipse is simpler if the major and minor axes of the 

ellipse are aligned with the axes in the space where the ellipse
is represented.
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We seek, then, to find the form of (T with respect to new 

axes that are aligned with the major and minor axes of the el

lipse. The mathematical formalism for such a procedure has al
ready been developed in Chapter IV. It is simply the mathemat

ics of orthogonal transformations that gives us the ability to 
transform the entropy production.

Recalling that we can write

then,

and setting

L

we can write the entropy production in matrix form as

M Ï U . (5.3)

Choose a proper matrix S such that

(5.M
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where /\ is a diagonal matrix. The matrix S’ transforms 
the Onsager ( - matrix to diagonal form by means of a similar

ity transformation. See Appendix II for a discussion of the trans
formation matrix S

Rewriting Equation (5.3), using the orthogonality property of 
the £  matrix yields

I  (V s )  LVs ) *

or, using Equation (5.4),

(r  - 7  S -/ A S t

But, we can identify S’/T as a transformed flow %

r ' r s t  (5 .5 )

or, in algebraic form

X  ~ S„ T, t (5 .6 )

and

r/ - s , , t z r,  .
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Also, transposing Equation (5.5), we find,

ft' = r  s

and since s is orthogonal

i  s'
I

we can write the entropy production as

/w / /
o- = 1  P U

or,

¿T-- /},?,' + (5.7)

In this form, the equation representing the entropy production 

has no cross term. That is, there is no term of the form /ftl ftz 

appearing in Equation (5.7). Geometrically, this is equivalent 
to saying that the ellipse described by Equation (5*7) is now a- 

ligned with the axes ft, and /f3 . See Figure 3.
We have introduced the transformed forces

ft! S . .7[, + S. , 7 *
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The new forces are simply linear combinations of the old forces. 

The transformation is performed by means of the matrix S'
Since S> is orthogonal, the magnitude of IT" for any choice 

of T, and fix. remains invariant under the transformation. 
All that we have done is represent <T" in a more convenient 

mathematical form.
Corresponding to the change in the forces , there is a change 

in the flows. Recall that

^ / ~ kt, 'X, ^ 4  )(

In matrix form these equations have been expressed as

Operating on both sides of this equation by the transformation 

matrix S yields



S  J  S  L K .

Assuming that the inverse of 5  exists , we can rewrite this
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as

S  J  -- sls"'r %

or,

J  = A 'X , (5.8)

Algebraically, this equation can be written as

, . , <5.9 )
J ,  - A, -X,

and,

(5.10)

We see that each of the transformed flows depends only on its con

jugate transformed force. That is, there are no longer any cross 
coefficients when we represent the entropy production in the trans 
formed coordinates ^  and
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The operation of the transformation matrix b on the forces 
^  and. “Tx simply represents a rotation of these axes in
^  space. The rotation aligns the axes in the space with the 

principle axes of the ellipse. Physically, a given particle under 
the influence of the forces /f, and Xz does not feel X< 
and Xi separately, only the resultant of the two. The align- 
ment of our axes yielding and if, indicate that these

are the forces the system "sees."



CHAPTER VI

Applications of Non-Equilibrium Thermodynamics

1• Stability of Stationary States

Having presented the notion of steady states and minimum en
tropy production, we will assume that each system with which we 
are dealing will be in a steady state; and, therefore, in a state 
of minimum entropy production.

We have seen that the entropy production can be written as

We will now examine the principle of minimum entropy production in 
light of this transformed equation.

We can rewrite Equation (6.1) as

( 6 . 1 )

1

2

Comparing this with the equation of an ellipse5

z

where 9  CL and 9  b  are the lengths of the major and minor
axes, we can identify
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Both A , and are seen to "be positive "because Cr

is positive definite and a and b are magnitudes. ¥e 
also recall the positive nature of the straight coefficients as 
given by Equation (3.12). Then, returning to Equation (6.1) we 
can immediately see that if we choose greater values of A, and 

/Tt , we increase the entropy production (T . Larger el
lipses, therefore, correspond to larger G~ . See Figure U.

Assume that we can hold

= C o n s t  q v T

and allow to vary according to the nature of the system.

Imposing the condition that the system will adjust itself until a 
state of minimum entropy production is reached, we see that the 

only value for /C. that will yield the smallest possible entropy 
production is

-  £

See Figure 5.

Also, any fluctuations in from this value will serve

to increase the entropy production and are thus supressed. The 
system is therefore in a stable state (because any deviations from 
this state will cause the system to return to this state). In fact, 
this statement is implicitly contained in the previous statement







Figure 5

The ellipse representing the state of minimum
y./entropy production for /\/ = CO A/ S / fj jy7
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that the entropy production in a stationary state is an extremum, 
and due to the positive definite nature of the entropy production, 
the extremum must be a minimum (consistent with the constraints 

imposed upon the system). Any departures from a state of minimum 
entropy production would increase the rate of entropy production; 
therefore, the state is stable.

We see then that the stationary state takes another role in 
non-equilibrium thermodynamics similar to that of the equilibrium 
state in classical thermodynamics, the role of stability.

We can apply to same analysis to the physical forces X 1 

311(1 • In a given system, hold the value of

Again, the system will adjust to a state of minimum entropy pro

duction. Experimentally, we have stated that the flows due to the 
unconstrained forces vanish. Or, by Equation (5.2)

Geometrically, we interpret this by stating that the system moves 
along the line

X/ = C O u S l  /} /JT ,

X,  -  C o h s t q n t
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until the line is tangent to a given ellipse. This ellipse rep

resents the smallest entropy production allowed consistent with 
the restraints imposed upon the system. See Figure 6.

production for a given ft, . Thus, the value of ^  is deter
mined "by the fact that under the given conditions , the flows due to 
the unconstrained forces gradually reduce and become zero^u

2. Higher Order Systems

The results of the previous section can he generalized to sys
tems with more than two flows and two forces. For the 3 x 3  system, 
we can write the entropy production as

After substituting these equations into Equation (6.2), we obtain 
for the entropy production

Physically, the system applies X  z to minimize the entropy

(6 .2 )

The phenomenological equations for the 3 x 3  system are

»- = r,‘ t-
i f ,  + =?-t„ U j  + -?/,3 A l * -



Figure 6

The ellipse representing the state of minimum 
entropy production for X, - CO p s t  p j
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We immediately recognize this equation as the equation represent-

In this case, as in the 2 x 2  case, we notice that there are 
cross-terms appearing in the entropy production:

by eliminate terms of this type in the entropy production. This re-

transformation matrix which we can use to transform the flows and 
forces. This transformation aligns the transformed forces with the 
principle axes of the ellipsoid.

Suppose that we hold two forces at a constant value. The sys
tem will adjust trie third so that a state of minimum entropy pro
duction is attained. Taking the partial derivative of with
respect to holding 0(, and at constant values we

in the stationary state corresponding to a state of minimum entropy 
production. Thus,

ing an ellipsoid in a three dimensional space where X , , X z

and Xj are the axes. See Figure 7.

and J X? . We can perform a similarity transformation on the 

3 x 3  Onsager A ~ matrix to reduce it to diagonal form, and there

duetion of the Onsager A~ matrix to diagonal form gives us a

obtain

o  .
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This is mathematically equivalent to the statement that the line 
determined "by

-  C a n s  Trf/v T 

= c o n ? rrf- fsT

is tangent to an ellipsoid. This ellipsoid corresponds to a state 
of minimum entropy production. See Figure 8.

We interpret this by stating that the system will move along 
the line determined by

¿T, = CovsTj/JT 

zf3 r C a  u s r / f / J  r

until this line is tangent to a given <r . At this point, the 
system is in a stable state of minimum entropy oroduction.

We now generalize these results for an n-component system..
In an n-component system, the entropy production is give by

r S l  p  r
i-i

The phenomenological equations for the n-dimensional system are 
given by

VH

J-
( L ~ i, •••-*•)



Figure 8

ellipsoid representing the state of minimum 
entropy production in a 3 x 3 system.
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or, in matrix form as

h

where

J  =

u 1

j;
x  =

7f,

j

^  .

and

L

L U • f-»1

-̂*7( , ' - - » 1  - H

is the symmetric Onsager L - matrix.
Although the geometrical interpretations "become difficult to vis
ualize , we can (at least in principle) find a matrix 5 that 
will reduce the n-dimensional Onsager L - matrix to diagonal

form. That is
s ' ^ s  -- ,i .
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Once the matrix S  is found, we can transform the flows and 
forces by operating on the flows and forces with the transforma
tion matrix S' • That is

Y = s
J '  -- s j

Performing this transformation on the flows yields the following 

equation for the entropy production, in terms of the transformed 
flows and forces

<r -• §  y./i <6-3)
r= <

Suppose that we constrain X, ; ̂ /. . . , and allow X<r, ■■■■%'

to vary. In accordance with the principle of minimum entropy pro 
duction, each flow due to an unconstrained force becomes zero. Op

erating on Equation (6.3) by holding X, ■%j- c o n s t a n t  for
i- k'ti... gives

r  S t
l- 1

r O  .

This is the condition for the system to be in a state of minimum
entropy production.



Page 6h

3. Translations of the Axes

In addition to the ellipse being tilted with respect to the 

ax'23 '■ - /L > we observe that there is also the possibility of
the ellipse being translated along one or more of these axes. We 
wish to determine the consequences of such a case.

Consider, for simplicity, the 2 x 2  system. Allow the ellipse 
to be translated a certain distance \o along the X , axis.

See Figure 9* The center of the ellipse now corresponds to a non
zero value of X, . We will define this value of X, as 

Xj , where

X / ~ X, t- lo ,

Suppose we are taking measurements in the system of (t,, X ,) . 

To be in a state of minimum entropy production, we must move to the 
smallest possible ellipse consistent with the constraints imnosed 
upon the system. Choose to hold

To attain a state of minimum entropy production, the system must 
impose a second force

CL

CL =t= O



Figure 9

The ellipse representing the entropy production for 
a 2 x 2 system translated along the X , axis.





See Figure 10.
If, however, we are taking our measurements in the system 

of f z C ) ’ we see that the condition of

t, = o

is no more than the condition

X, -  CO p  STflfJJ

which we imposed "before. In this system, if we choose

X  ■= o

we see that the ellipse representing the state of minimum entropy 
production is the point at the origin.

Thus, the translation of the axes can produce some rather un
expected effects. In the system where the center of the ellipse 
is at the center of the coordinate system, a choice of zero for 
one of the forces makes the second force zero to attain a state of 
minimum entropy production. This is the condition that we usually 

see. However, if the system is translated from the origin, a choice 
of zero for the first force makes the system choose a non-zero value 
for the second force to attain a state of minimum entropy production.



The ellipse representing the smallest entropy 
production constraining $, - & .





We postulate that the translation of the system is equiva
lent to the addition of a constant term in the phenomenological 
equations. For the 2 x 2  system, the phenomenological equations 
become
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J --

J ,= h ,  7 2Î k. 'h ^2.

or, in terms of a linear translation of X to if, we have,

J  --1 A , of,

7  - U ,  7,

(6.4)

where

K, = K,fb

X / / X 5 1

We can write the entropy production as

(T A, nt.
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which is equivalent to the translation of the ellipse along the 
axis.

Physically, this addition of a constant term in the phenom

enological equations is simply the removal of the requirement that 
the flows vanish when the forces are zero. The physical depend
ence of the flows and forces remain mathematically the same, we 
have only changed our frame of reference.

b. Living Systems 
17Prigogine has noted the excellent fit of the constrained sta

tionary state to living systems. He states that "We can consider 

the evolution of the living organism up to the stationary state as 
taking place under a certain number of constraints determined ty 
the outside world...". He also states that "...the well-known sta

bility against external perturbation has its analogue in the stabil
ity of stationary states corresponding to a minimum production of 
entropy." He concludes that "One may say that from the point of 

view of the tnermodynamics of open and stationary systems a much 
better understanding of their principles features is obtained."

We are interested in applying the theory of irreversible ther
modynamics to the transport of material across living membranes.
We assume that the flows across the membrane can be adequately des
cribed by a set of phenomenological equations of the type in Equa
tion (3.5)* The inherent assumption here is that the system is 
near equilibrium with its surroundings, and biological systems meet 
this requirement.
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Consider a 2 x 2 system where the flows are the mass flow 

and the charge flow, and the conjugate forces to these flows are 
due to the concentration gradient and to the potential gradient, 

respectively. We state the phenomenological equation

Jy r //, /f t // 2 7(L 
- U,  ^

where J , is the mass flow and , is its conjugate force
(a concentration gradient), and J x is the charge flow and

is its conjugate force (a potential gradient). Assuming 

that the biological system is in a stationary state, and therefore 
undergoing minimum entropy production, we will apply the thermody
namics of irreversible processes to this situation.

Examine the phenomenological equations with both of the forces 
equal to zero. That is

1  -<3 

1 ^ 0  ■

Under these conditions, we should observe that

J r  °

J r - °



consistent with the principle of minimum entropy production. Re
calling the geometric interpretation of the equation describing 

the entropy production, we see that a choice of

Kf = o

leads to the necessary condition that

for the system to he in a state of minimum entropy production. In

deed, any values of

r. t o

would correspond to larger values of 0~ and are suppressed "by 

the system, and vice versa.
In a general sense, in an n-dimensional system, we would ex

pect that as long as all of the forces are zero, the flows conju
gate to these forces would also "be zero.

5. The Ussing Experiment
In living systems, it is observed that flows can occur even

when the forces are constrained to values of zero. In an experi
1 8ment reported m  1951 "by Us sing and Zerahn, the presence of a mass
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flow and a charge flow was observed through a frog skin membrane 
in the absence of forces across the membrane. The experiment was 
performed to measure the active transport of sodium across the 
membrane.

The forces were constrained to zero by the following method: 
first, with the exception of sodium isotopes, identical solutions 

were placed on both sides of the membrane (the different isotopes 
of sodium allowed for a radioactive tracer method of measuring the 
mass flow through the membrane); second, the membrane potential of 
approximately 90 mV was "short-circuited" to zero. Thus, there 
was no concentration gradient and no electrical gradient, and ap
parently no other forces in the system.

However, a net flux of sodium was measured through the mem
brane. Tnat is, due to the movement of sodium across the membrane, 
a non-zero mass flow and a non-zero charge flow were measured. The 
sodium was actively transported from one side of the membrane to 
the other.

6. An Interpretation of the Ussing Experiment

In a phenomenological observation of the Ussing experiment, 
we observe a flow, and realize that for a flow to exist, there must 
be a force causing that flow. Thus, the existence of a third force 

/Kj can be postulated so that the phenomenological equations

3
can be written as
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In the case of the Ussing experiment, these reduce to

7--

<JZ - ¿̂.3

- A ,

7,

7,

The experimentally observed flows measured in the presence of no 

physical forces across the membrane can be explained by the intro
duction of the third force /f̂

This force must be interpreted as a constraint which the liv
ing system imposes. In the physical (dead) system the restriction 
of

K, = o

7iz ~- o
leads to the conclusion that

r 3 = o

for the system to be in a state of minimum entropy production. En
tropy is being produced, however, because of the non-zero flows ob

served. Thus, the non-zero value of /fj is interpreted as a 
characteristic of living systems. That is, living systems can im
pose constraints due to the nature of the system.

7• An Alternative Description of the Ussing Experiment

Another description of the phenomena observed in the Ussing
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experiment is given "by considering the biological system to be 
acting in a frame of reference different from our frame of refer

ence. This type of transformed frame is described in Equation 

( 6 . 10 .

We have considered transformed forces corresponding to a rota

tion of the coordinate axes in a physical system. See Chapter V.
The transformed forces were simple linear combinations of the physi
cal forces we measure. The system "sees" the transformed forces, 

rather than the physical forces, and we interpret this by stating 
that the system has a reference frame of its own. In the reference 
frame of the system there are no cross terms in the entropy pro
duction, and the phenomenological equations are uncoupled.

Another possible transformation is that of a translation of 

the axes in X  space rather than or in addition to a rotation 
of the axes. It is this type of transformation that we can use to 

interpret the Ussing experiment. Consider a 2 x 2 system (like the 
Ussing system) that is described in a translated reference frame. 

The phenomenological equations are of the form

L X

J  ' Li./ rf' -r L a  X 1-

or, when the forces are constrained to zero,

J  , = C ic-
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The existence of non-zero flows can be explained by the transla
tion of the axes in space.

The translated system represents the reference frame of the 
biological system. That is, we can postulate two sets of axes, a 
physical set of axes and a biological set of axes. The description 
of the biological system is best seen in the reference frame of the 

biological system. The amount of translation is a measure of the 
active transport in the system.

8. Critique

We have introduced two descriptions of the Ussing experiment.
In many aspects the descriptions are similar. For example, both 
can describe the existence of a flow or flows in the presence of 

"no forces." Also, in each instance we introduced a "property" of 
living systems that was different than physical systems.

The descriptions are different, however. In the first descrip

tion vie introduced a third dimension in $  space to explain the 
phenomena ; in the second we translated the axes of the system, re
maining in a two dimensional space. The introduction of a

third force implies a third flow, but neither the third force nor 
the third flow can be accurately described at the present. To des
cribe these parameters, a knowledge of the coefficients is

required, but no such knowledge exists in a complete set for even
19, 20, 21,

the simple 2 x 2  system much less the system we have described.
22, 23, 2b

The translation of the axes provides a simple interpretation of the 

phenomena of active transport. It also is philosophically pleasing
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to think of the biological system as having a set of axes differ
ent than the physical axes we normally use. In either case, a 

complete set of data would serve to clarify which interpretation 
is correct because the phenomenological coefficients and the forces 
would provide the information necessary to compute the entropy pro
duction which could be compared to the experiment ally measured en
tropy production. The measurement of a Js conjugate to /f3 

would indicate that the introduction of a third demension is the 
best interpretation.



CHAPTER VII

Conclusion

Equilibrium thermodynamics has no method to describe phenom
ena in open systems because open systems are constantly exchanging 

material with their surroundings and are therefore not in an equi
librium state. A more general theory must be used to explain the 
processes occuring in open systems such as the living cell.

In this thesis we have used the thermodynamics of irreversible 
processes to describe open systems. The equation that describes 

the entropy production has seen expressed in a simpler form by un
coupling the phenomenological equations. (This has been done through 
the mathematics of orthogonal transformations.) The nature of the 
equations remains the same, but the mathematical form is simpler in 
the transformed equations.

Tne interpretation of the equation describing the entropy pro
duction as an ellipse or ellipsoid in a given dimension of 

space has provided an easy visualization of the principle of mini

mum entropy production. Also, the transformations performed in ex
pressing the phenomenological equations in uncoupled form is easily 
interpreted by a rotation of axes in X  space which aligns the 

axes of the space with the principle axes of the system, represented 
by an ellipse or ellipsoid in a given space.

What we have done is to provide an easy interpretation of the 
equation describing the entropy production. For a given system, a
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knowledge of the members of the Onsager L-matrix along with a set 

oi values for flows and forces in a given system would provide the 

information necessary to find the proper transformation matrix to 
tiansform uhe ilows and forces to a form that would uncouple trie 

pnenomenological equations. The transformed forces would represent 
the forces the system 'sees" and the transformed flows would repre
sent the flows the system "sees.'1 In any case, the equations des

cribing the system are simpler in the transformed coordinates, and 
the geometrical interpretations are more easily seen.

1 le deocription of a living system in terms of the addition of 
another dimension or a translation of the axes provides a simple 
desciiption of active transport. The experimental measurement of 

a complete set of data (phenomenological coefficients, flows and 
forces, and the entropy production) would be valuable for future
work.
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APPENDIX I

The Onsager Reciprocal Relations 

1• Fluctuation Theory

Consider an adiabatically isolated system described by para
meters £\' / ,,,, /̂ » which have equilibrium values P if f) .

Define

and assume that the entropy can be written as a function of the 
°f/, 5 . Thus,

s *  S n / ^  J

Expand the entropy in a Taylor series about the equilibrium state 
in terms of the of 's as

K-'<

■h J
J' <~7) cW/cW.^o/ )1= < 

<- )
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But,

S ( Z j  x
K: I <3

because we are expanding about the equilibrium state. Defining

J- = J S

we can write

or

S  = S, ~ t  =r.Lc'<
<*/

S ~ ^  2 +
fc-l

If ve neglect all but the first non-zero term, We can „rite the 
change in entropy from its equilibrium value as

¿ s  - - £  X
c-t
K-l

We assume that the probability of the situation, described by state
variables between v  _n
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is given by

45
C Mix', dtofi . . - of

$ "'S A A -  A;
(1 .1 )

where ^ is the Boltzmann constant. We also define

*  - - 4 ^J =<■
( 1 . 2 )

We can rewrite Equation (I-2 ) as

«<- - i - 1  ¡ ¡ I  * . .
k->

Of particular interest is the following average

or, after using Equations (i.l) and (1.2) we can rewrite this as

( v ‘ " K S  ' 5 ^  ^  5  ^  ^ .<y
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After partial integration with respect to of- we have

J d cJ (1 .3 )

< < z >  - - /<£.- ( g
c J

where is the Kronecker Delta.

2. Microscopic Reversibility
The property of microscopic reversibility can he expressed in 

the following way

This states that in the average the correlation between a value of 
c/- at a time "t and a value of <Vj a time later

is the same as the correlation between 0<fl at a time t and 
a value of a time ^  earlier. This can be rewritten as

(  r ( < ( b r T )  ^.(¿)^

We can perform the averaging of this equation in another way. First 

of all, average the quantities belonging to the time T holding
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the values of the parameters fixed at time ~t and then average 

over the previously fixed parameters

V'(+) t?))c/pi. • «Jtì

This can be rewritten by adding the same term to each side of the 

equation

^.(t) <  ^  t) r) - <rtj>)

Next, we define ( i A )

< c>°<:
J t )

and assume that we can write

(  t-'/t Z, , z , y h )

or.

*  /

(1.5)

( i - <, ̂  , ■ ■ ■ A)
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where T“' is bounded by

X «  7  «  ? r

Here ^  is a time on the order of the time between collisions 

of two molecules, and ^  is on the order of a time in which a 

deviation from equilibrium would take place.

3. The Onsager Reciprocal Relations Derived
Substituting Equation (1.5) into Equation (i.M we obtain

and, by Equation (1.3) this becomes

or

which are the Onsager Reciprocal Relations.
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Reduction of the Onsager L-matrix to Diagonal Form

We follow the method discussed in Chapter IV to find the trans

formation matrix S' . Consider the matrix equation

u  = y x

Solving for X is equivalent to finding the transformation mat

rix which reduces the Onsager L-matrix to diagonal form. Rewriting 

we have

true only if

I L - X )  l  - o

¿M -A A 1 /M
L'A! ^2 2"A 1

( ' / M i ' / J

a homogeneous set of equa

L„-A .

L ? t 2 /V) r

•̂/vj /►» ^

- O (II.1)

(II.2)
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1. The 2 x 2 System

For the 2 x 2  system, we can write Equation (II.2) as

A L , v

A 2. ; ^ -il "A
o

or,

-A) = ^*

Solving this equation for the we find

A I  ̂ + J (i« -* ttv) + y^4

and

^ + " j( ̂i' i ̂*-0 ^

Writing Equation (il.l) for the 2 x 2  system we have
¿r, "A

. L>< ~ A

(II.3)
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or,

1 1  ,,-X)K. + l , < 7 , * o

and.

o

or,

- K  - X)

%

and
-  -A)

The eigenvectors are given by

I  - ^ -kn-A,') 
^ / *2-

and

1

1 , - (¿1/

^ 1
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and since they are orthonormal

1 1 = 1

F'or the first eigenvector

the normalization constant K', is found to be

K, * -a,y
1

similarly

l ,3

K - + < h  - t r 1 -

The transformation matrix is just the matrix of the eigenvectors'". 
Thus,

s %

t



s

i u - (in " A ,)

J + (La -A,) I V .  + ( A. - V

K,

-x1f

J O

2. The 3 x 3  System
Following the same procedure for the 3 x 3  system, we find that 

the eigenvalues of the equation

are

t,,-A

 ̂2 1 ¿»-A /,3 — o

45-A

A- /? t 8 - !P?

Ay - (A + 6) (A+ -8)
-f?<5 <5

A =_ M *B) <T/? -ff) 5̂ls «a.
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where

n /x'( y

3 '■ *-
‘/j

and

s -- j ( s %  -p)

t  r 5 v ( 2 /  -  t - / 7 r )

witii

P ( Al  ̂ 2̂ i +  ̂3 3 )

^  ̂2 2  ̂3J  + Z * Z h,  ̂ A /  Z g J

 ̂ (  ”  A / Z j i Z g j .  -  =? z , _ 2  L i  3 A 3
-i / „ z2‘s t ì „ z,; f / „ ¿ ‘ ) .
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The transformation matrix is found to "be

K , K,
¿ / j  L a ( A (, - A , )

p Z/J - ^ 3  3  ^ / /  "A/ )

^ - 2 1 ^ 1 1  ' L  ! 3 ( l  2  3 - A , )
l\ j

2  L 2 }  - i , i ( L j 3 - A , )

/  a .  3  /  A ,  - A j )

K,

L( % 3 ~ 5 fl„  - A * )

Z j g  /  - / , j  Z ^ 2 i - / j 4 /

KJ «3 Zv2 ~ L z 3 (l,/ -h3 ) 1/ // i ̂ '3 ~ l  z 3 (l), - i s ) '
, ̂  J3 ̂  ' 2 "  ̂ í Al̂ i<3

- L,l (L,y -Á,

where

I

1 +•
L . , x l i ?  ~  ^ - 3  ? ( i ; ,  - A ¡ )

4
A í ¿ ¿ < ;  -  L x j  ( L, ,  ~ A ; )

A '

1
. A ' 3  ¿ 3 3  -  A /  3 t ' 3  t z3 - L IX ( ¿ j j ' A ; )  _



APPENDIX III

magnitudes of the Coupling Coefficients

1• The 2 x 2  System
The entropy production has been expressed as 

Cr = r

for the 2 x 2  system. We saw in Chapter III that Ltl } O , L22'> o , 

It is our purpose to show that

L

if the entropy production is positive definite.

Consider the equation representing the entropy production in 
the form of Equation (5.7)

tr = A, € k̂X'̂

Since the entropy production is positive

A, > o
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and

A
2 > o  .

Substituting the values for the eigenvalues given by Equation (II.3) 

we find

(Z" "t l?j) + y -tyi,» >  O

and

> O

Rewriting we have (for each equation)

it, >  ( ¿ „ - x „ y f l
Z 3

which reduces to

Z„Z2 2 > z z
/ 3

or

/„ L i  'Z,j >  O
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which is just

 ̂ 22
>

2. Higher Order Systems
We state without proof the Criterion of Sylvester: 

ratio form

0- -- £  L:J

is positive definite if and only if

A ,  -  L,,
L/ l

L

Lu
L71

A quad-

. 27are positive.
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