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CHAPTER I

INTRODUCTION

Queues for service of one kind or another arise in ma n y  different 

fields of activity. In recent years a considerable amount of research 

has been conducted into the properties of simplified m a t h e m t i c a l  m o d

els of such queuing systems. Initially, it was my aim to present a 

short but balanced survey of the literature; but I soon found myself 

unequal to the task. It is not so much the subject m t e r i a l  as the 

inassessability of the literature which makes for the difficulty.

Many of the the most important articles have appeared only in tech

nical journals, and a university library is not the best place in 

which to look for them. Instead, therefore, the objects of this paper 

shall be thr e e f o l d . First, I have tried to give a n  account of the 

general ideas that are useful in describing and thinking about queuing 

systems. Secondly, I have set forth the basic equations governing the 

queue and illustrated how the technique would work with a single-chan

nel, single-phase queue. Finally, I have applied these equations to 

an actual production problem.

Wh e n  confronted with a problem involving waiting lines, the d e c i

sion maker must use his knowledge of the characteristics of the queue 

in attempting to reduce costs, maximize output, and so forth. Some 

of the changes he might recommend a r e 1: changing the number of serv

icing stations, changing the service time in one or more stations,

1
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splitting a single queue or combining several queues. Such changes 

would be evaluated by first considering their effect on the character

istics of the waiting line, and then translating these changes in 

characteristics into changes in the chosen measure of effectiveness.

It is my intention that this paper will prove useful to those d e

cision makers who want a short introduction to the problems of this 

special field. I fully appreciate that every practical problem has 

its own specific complexities but I believe that consideration of the 

general ideas which are discussed in this paper can aid in an un d e r

standing of such special systems. It is also possible that intelli

gent use of various equations which have been presented for particular 

simple systems can lead to useful approximations when analyzing more 

complex s y s t e m s .

The original work in queuing theory was done by A. K. Erlang, a 

Danish telephone engineer. Erlang started his work in 1905 in an 

attempt to determine the effect of fluctuating service demand (arriv

als) on the utilization of automatic telephone e q u i p m e n t . Other well- 

known contributors to the field include E. C. Molina, T. C. Fry, C. D. 

Crommelin, F . Pollacsek, C. Palm and J . Riordan, all of who m  were 

strongly concerned with the flow of traffic through telephone 

switching systems . 1 It has been only since the end of World W a r  II 

that work on queuing models has been extended to other kinds of prob

lems. There are a wide variety of seemingly diverse problem situations 

which are now recognized as being described by the general waiting-

\lilkinson, Roger I. "Queueing Theory and Some of Its Industrial 

Uses," National C onvention Transactions. American Society for Quality 
Control (1958) pp. 3 13_30.
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line models. Ma n y2 articles have been written on queuing theory and 
its applications, lamiliar examples, of a personnel n a t u r e , are 

people waiting as at the checkout counter of a supermarket, at a 

barber shop, or at a doctor's office. Other examples, in the trans

portation f i e l d , wou d be planes waiting to land at a busy airport, 

automobiles at a toll bridge, and trucks waiting at unloading docks.

-Journal of the Royal Statistical Society and Journal of the 

Operations Research Society of America publish articles in most every



CHAPTER II

ELEMENTS OF A  QUEUE

A  "queue" according to a dictionary authority (Webster's New 

Collegiate Dictionary), is a waiting line, as of persons before a 

ticket window. A waiting line problem arises wh e n  either units 

requiring service or the facilities which are available for providing 

service stand idle. Figure 1 shows pictorially the principal elements

ARRIVAL PATTERN

ARRIVAL

DISTRIBUTION
ARRIVAL

QUANTITY
f

QUEUE-DISCIPLINE

SERVICE
ORDER

" I

SERVICE MECHANISM

iigure 1 . Principle elements of a queuing situation, 
irom Queueing T h e o r y , 11 Industrial Engineering Manual, Section 
AVI, Issue 1, p. 11. Western Electric Inc., Omaha, Nebraska.
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required to establish a queuing situation. The congestion which 

occurs by a queue can be described in various ways, e.g., in terms of 

the queuing-time of individual customers or in terms of the free p e

riods of the service unit. In order to predict the activity a ssoci

ated with the congestion we must describe the system to the point 

that we know the following:

(a ) Ihe arri.Yfll_.pflttern. This means the average rate of arrival 

of the customers (incoming units) and the statistical p a t

tern of the arrivals.

QW?lih"d,i-pc,i_pjpq. This means the order in which a 

customer or unit is selected for service out of those 

awaiting service. The simplest queue-discipline is the 

first-come, first-served; but there are many other possibil

ities.

I hS...8§rviqQ. Jnqc.hgpigffi. This means stating when service is 

available, how many customers (or units) can be served at a 

time, and how long it takes for the service. The latter is

usually specified as a statistical distribution of service

time .

The description must also indicate any interaction between the 

actions of the system, such as a tendency for a server to work faster 

when there are customers waiting, and so on.

After the system has been described adequately, it becomes a 

mathematical problem to predict what the system will do. As in any 

other branch of applied mathematics, any description of a system in 

mathematical terms simplifies the practical situation. Accordingly, 

the results must bo applied critically.
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A R R IVAL PATTERN

Tho simplest arrival pattern physically, is the one in which 

customers arrive individually at equally spaced intervals, t units 

of time apart. The rate of arrival of customers is thon = l/t 

por unit time. A  practical example where tho arrivals are nearly 

constant is a conveyor system with equally spaced positions which are 

fully loaded.

The most common arrival pattern and tho one most useful in 

application is that in which tho arrivals are completely random.^

To define this formally, let there bo a constant a which will repre

sent the average rate of arrival of the customers, such that for any 

short time interval (t,t + A t) probability that no customers arrive 

is 1 - a^t + o ( A t ), that one customer arrives is a t +  o(Jt) and, 

therefore, that two or more customers arrives is o (/It), where the 

symbols o(At) denote quantities that become negligible compared with 

t, as t -*~0. Further, what happens in this time interval is assumed 

to be statistically independent of the arrival or non-arrival of 

customers in any time interval not overlapping (t,t +  zlt).

To put this more vividly, consider Figure 2. Arrivals of cus

tomers ore denoted by points. The interval A, of length zlt, comes 

after a long gap of no arrivals; tho interval B, likewise of length 

¿3t, comes after a group of arrivals. In both cases the probability 

of an arrival in the interval A t  is the same, namely a ¿it +  o (¿31 ). 

Quite generally, the probability of an arrival in one interval is 

entirely unaffected by arrivals at other times. Thus, a completely

^Cox, D. R. and Smith, Walter L. Queues. New York: John Wiley 

&  Sons, Inc., 1961, p. 5.
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random r o l e s  of arrivals is a very special for m  of arrivals; in fact,

whenever the term "completely random" is used it is this form, depicted

by Figure 2 , that should come to mind, and not just a vaguely haphazard 

pattern.

-------- —

T/'/na* ¿St

Figure 2 .
Fundemantal property of completely random arrivals 
Two intervals A  and B of equal length and, there
fore, wi t h  equal probability for an arrival.

The completely random series is likely to be a particularly good 

approximation when the customers are drawn from a very large pool of 

customers all behaving independently of one another. F or example, the 

calls arriving at a telephone exchange over a fairly short time have a 

distribution closely approximated by a completely random series, if 

longer periods of time are considered, secular changes in the rate of 

calls will appear. Similar r e m r k s  apply to the arrival of customers 

at a state fair. Other examples of arrivals approximated by a com

pletely random series are those stoppages of ^ c h i n e s  resulting from 

a mechanical breakdown or, in cable processing, from wire breaks.

There is a wide variety of arrival patterns that can arise in 

application and there are many other possibilities from a formal 

mathematical point of view. However, the completely random and 

constant-time arrival patterns are the most commonly used in applied

mathematical work. A research of the reference m t e r i a l s  failed to 

disclose any general mathematical solutions for other types of arrival 

patterns. Other arrival patterns usually require special investigation. 

A short derivation of the mathematical properties of a completely ran-



8

d om series is given in Appendix I.

QUEUE-DISCIPLINE

The second element of the description of a congestion system is 

the queue-discipline, which specifies how units are to be selected for 

service from the pool of units which have arrived at the queuing 

point/' In delay systems involving people, first-come, first-served 

is commonly accepted as the best, rule by which successive selections 

are made from a line of waiting customers. However, attainment of 

this queue-discipline in industrial processes m a y  require substantial 

expense. In this event, a random choice for the next-to-be-served 

from among those waiting m ay be acceptable. Last-come, first-served 

is more often the rule in industrial problems where unserved identical 

articles are stored in a container, the last article placed in being 

the most accessible. Customers served in batches are not uncommon, 

e.g., airplanes and buses. A  customer may leave the queue if the 

delay becomes too great, or refuse to enter the queue (balking) if the 

waiting line appears too long.

When the system has more than one server, it m ay happen that 

certain servers specialize in the service of customers of certain 

types, this is advantageous if specialization enables the service- 

times to be reduced appreciable. In such cases the separate groups 

of servers and customers can usually be treated in isolation.

When any customer can bo served equally well by a n y  server, there 

are three main queuing a l t e r n a t i v e s j ( l )  the customers are assigned

^•Wilkinson, p. 31A.
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to servers in strict rotation; (2 ) each customer decides on arrival 

which queue to join; or (3) the customers form into a sigle queue. In 

each case, the next customer moves forward for service as soon as the 

server becomes free. The first is simply mathematical, but ineffi

cient practically and not often realistic. The second and third systems 

are those that arise most commonly in applications, but are difficult 

to deal with mathematically. With the second system, which is effec

tively that used in many banks and post offices, some interchange from 

one server's queue to another m ay be permissible if a long queue occurs 

at one point with a server free elsewhere. This makes the second queue- 

discipline about equivalent to the third. If no interchange is permis

sible the second system is less efficient than the third, although it 

may be more convenient practically.

SERVICE MECHANISM

The final element of the system is the service mechanism. There 

are three aspects of servicing that need d e s c r i p t i o n . * 6 First, there is 

the length of time taken to serve a n  individual customer, the serving- 

iiffiSj. In the great majority of cases we assume that the service-times 

of different customers are independent random variables, « n  with the 

same probability distribution, to be called the service-time dist.ri- 

iaiiifiC. In more complicated cases, the customers may be of several 

types, each with its own distribution of service-time.

There are some calculations connected with queuing processes that

''Cox and Smith, p. 25.

6Ibi<j., p. 18.
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can be carried through with a general distribution of servico-timo, 

assuming only that this distribution is constant in time and that the 

service-times of different customers are statistically independent.

In fairly complicated problems, it is usually helpful to assume that 

the distribution is of some special type of which constant servico- 

tiroc and exponential service-time are the most common.''

(a) Constant service-time. The service-time may be assumed to 

be constant. This is always an idealization but, particularly in 

problems with very irregular arrival patterns, it often gives the 

adequate answers.

(b) E xponential se rvice-time. As with arrivals, it is shown in 

Appendix I that wh e n  service rates follow a random process with mean 

service rate u, the distribution of service times follows the "oxpo- 

ential distribution" with mean service time l/u. It is assumed tliat 

the mean service rate u  is independent of time, of queue length, and 

of any other characteristic of the waiting-line system. The exponen

tial distribution is a good approximation to the distribution of the 

duration of telephone calls. It is likely to be g reasonable thing to 

consider when there are a large number of customers requiring short 

service and a smaller number of customers requiring longer service.

The second aspect of service, the capacity of the system, is 

defined as the maximum number of customers that can be served at any 

one time. For e x a m p l e , in the single-channel queue, the capacity is 

one} for the multiple-channel, the capacity is m, where m  is the number 

of channels. Systems of unlimited capacity can arise in mathematical

?lbid., p. 19.
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work, when we assume that the only restriction on service is in its 

availability; however, this would be a special case.

There are four basic structures of waiting-line situations which 

describe the general conditions at the service f a c i l i t y . 8 The simplest 

situation is where arriving units form a single line to be serviced by 

a single processing facility, for e x a m p l e , a single station car w a s h . 

This is the single-channel, single-phase case. If the number of 

iacilities is increased (two or more), but still draws from the single 

waiti n g - l i n e , we have a multiple-channel, single-phase c a s e , since a 

customer can use any one of the washing stations. If we add a vacuum

Customers

o o o o Car Wash

□
(» )  Single-Channel; Single-Phase Case

Cuat ornera

o o o o
Car Wash 

□  

□  

□
(b) M ultiple-Channel; Single-Phase Case

Customer»

(o) single-Channel; M ultiple-Phase Casa

Cue tome re

o o o o

Vacuian j j ta t lo n  Car Wash Drying Station

O O O  o —  □ -------- □  -------- ~  □

(d) M ultiple-Channel; Multiple-Phase Case

f i6ure 3. Four basic structures of waiting-line situations.

g
Buffa, E.lwood S. Models for .Production and Operations 

feQajjgjngnt. New York: John Wiley & Sons, Inc . , 1 903, pp. 241-243.
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station for interior cleaning before the single car wash, and a drying 

station after the wash, we would have a single-channel, multiple- 

phase case. Finally, we would have the multiple-channel, multiple- 

phase case if we added a vacuum station and a drying station to each 

of two or more stations. Figure 3 shows the four cases diagrammed 

and labeled. There may be variations in the queue-disciplinej that 

is, the order in which the customers use the facilities. I have 

implied first-come, first-served in the diagram, but obviously, other 

systems would be different. However, the capacity would be fixed by 

the number of channels.

The third property of service is its availability. To describe 

this we must state both whe n  service facilities are available and also 

any restrictions which reduce the number of customers that can be 

served together, below the full capacity of the system. If the service 

units in all the channels are always present to deal with customers, 

we say these systems have complete availability. The majority of 

published mathematical wor k  concerns systems with complete availability, 

but in practice it is often possible for one or more of the servers to 

leave the service point from time to time. To make a mathematical 

analysis of the consequences of this incomplete availability we must 

specify the frequency and duration of the periods of a b s e n c e . This 

sometimes causes difficulty in applications in that the time d istri

bution of servers' absence is determined largely by personal whi m  and 

cannot be represented in a rigid mathematical scheme.

In systems which have a capacity of more than one server, the 

distribution of capacity must be specified in terms of time. In some 

cases, the servers will either be all absent or all present, and then
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the periods of absence would be described in ways similar to those 

used for the single-channel problem. In Chapter III, the basic 

equations arc established for only one kind of queue discipline: first- 

come, first-served; with a unit being serviced as soon as a server 

becomes available. The general assumption is tliat the queuing process 

will eventually become stable, in the sense that the probability that 

n  units are waiting at any instant remains the same as time passes.



CHAPTER III

THE BASIC EQUATIONS GOVERnlhG THE QUEUE

In this chapter, it is shown how the assumptions concerning 

arrivals, service t i m e , queue discipline, ana stability in time may be 

combined to furnish information concerning the total behavior of the 

waiting-line system.9 This information will take the form of a set of 

mathematical formulas in which any clement m ay bo computed fro m  the one 

preceding it and which loads directly to the probability distribution 

of the random variable n, where n is the number of units in the system 

at any specified instant after stability has been achieved.

The related formulas stated below apply to the general case of m 

servicing stations, each with mean service rate u. These m  stations 

are fed from one queue, with mean arrival rate a. Though tho proof for 

general m  is not given here, the proof offered later, equations (3 ), 

for m  = 2 servicing stations will illustrate the main ideas.

Let

n = number in system (number in queue plus number being serviced).

Pn = probability that there are n units in the system at time t 

(or at any other time)

9fhe major portion of this chapter is adapted from Sasieni,
Maur i c e . , Yaspan, A r t h u r . , and Friedman, L a w r e n c e . Operations
Research---- Methods and P r o b l e m s . Third Printing, ¡few Y o r k : John

Wiley &  Sons, Inc., 1963, pp. 128-38.

U
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P0 = probability that there are zero units in the system at time t 

m  = number of servicing stations

The Pp, as i goes from zero to n, may be calculated successively in 

terms of P 0 by

(1 )

p l = - p0 1 u  °

P = a + (n - l)u p _ _a p 
n nu n -1 nu n -2 n = 2 , 3, • • ' • -,m

p  *  a  +  p  _  _ a _ p  

n mu n -1 m u  n -2 n i m  + 1

The evaluation of P Q i tself, once the P have all been expressed in 

terms of P 0 , is accomplished by use of the relation

(2) Z  * 1

Deriving the governing equations for the special case m  = 2, 

equations (l) specialize to

(5)

P-,
a

P1 u 0

p _ a + u J
i 2 2u

P _ a + 2u
n 2u

Pp - 1-P2u ‘o

P - P
" 1n -1 2u n-

n 3

A diagram os the waiting system is presented in Figure 4» At the 

instant pictured, there are 3 units in the queue and 5 units in the

A rrivale u o o
Queue

l u i

O
S e r v i ci ng  

Sta t lone

Depart uree

Figure 4- A  queue with two servicing stations.
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system. It is assumed that queue-discipline is such that an arrival 

moves immediately into a servicing station if there is a station 

vacant.

In this situation it may be noted that the probability of an 

arrival in a small time interval of length At is a At. The probability

of a serviced unit being turned out in the interval (t,t + At) is s

0 if there are no units in the system at i. 

udt if there is one unit in the system at i.

2udt if there are two or more units in the system at i.

The probabilities of more than one arrival in the interval At, of 

more than one service, or of an arrival and a service both occurring 

in this interval are all taken to be zero, since they are propor

tional to the second-order small quantity (dt)2 .

The following two events ID and II0 are equivalent, since event 

II0 * s simply a listing of all the ways event Ic can occur:

Event I0 : <0 units in system at time t +  At} .

Event II0 : -fO units at time t, no arrivals in ¿at}

+ {1 xmit at time t, 1 service in At} .

Since the events are equivalent, the probability of occurrence of 

both events must be the same. Thus

P {event IQ} - P0 = Prevent II0} = Pc (1 - a At) + Pjuzt

Then



17

P o ~ P0 d  “ a At) + P^uilt

Whlcli reduces to

P o

This proves the first equation of (3) . 10

To obtain the second equation of (3), the same procedure is 

applied to the events 1^ and H ^ ;

Event I±i fl unit in system at time t +  ¿it}.

Event II1$ fl unit at t, no arrivals or services in t

+  {0 units at t, 1 arrival in A t }

+ f2 units at t, 1 service at ¿it]}.

This leads to

P1 = Pli1 ” (a +  u)zlt} +  P0a¿̂t + P2 (2u)/St 

and hence

.+ u  p a r 
2u rl 2u  r o

which is the second equation of (3 ).

For the events Ir and IIr with r 2:2 , the over-all service rate 

is seen to be 2u for all the subevents of IIr :

1 0 Ibi d ., p. 130.
11 lb id., p. 131.
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Event Ir : (r units in system at time t + At],

Event IIr i fr units at t, no arrivals or services in At]

+ {r - 1 units at t, 1 arrival in At]

+ fr + 1 units at t, 1 service in At) .

Then

and

P_-fl - (a + 2u)At) + p r -1 adt F r + j (2u)At

_ a +
r +1

_ 2u p
2 .i r —  P2u r "l

r 2r 2

The substitution c  = £ 1 yields the final equation of (3).12
Once the Pn are det e r m i n e d , the various characteristics of the 

waiting-line system such as average queue l e n g t h , idle time of the 

service facility, e t c . , are readily computed by the probability 

methods.

ior the case of one servicing station, Poisson arrivals with 

mean arrival rate a, and exponential service times with mean service 

rate u, the governing equation (1) specialize to

(4)

P_ =

« A p
u o

_ a
p - —  P

u n -1 u ■

lows that

z,,\n
p = ( Pn Vu/ o

n -2 n > 2

n 2: 0

12Ibid.



19

and the use of the condition

CO

sn *0

then yields

(5) n >  0

Equation (i>) is valid only whe n  the me a n  service rate u  exceeds the 

mean arrival rate a . 13

For the applications, the distribution of such random variables 

as the waiting time of an arrival before being taken into service 

(call this random variable H ) and the total time of an arrival in 

the system (denoted by i, x  = M  plus service time) is needed.

Inasmuch as there is a positive probability 1 - (a/u) = PD that 

an arrival will not have to wait at all before going into service, the 

distribution for u  is part discrete (at w  = 0 ) and part continuous (for 

ii > 0 ) .  If is the probability of the event (w waiting time

-C W  + dw}, the resulting distribution for y  is

Pfk = 0>  = 1 - -E 
u

(6 )

/(ii)dk = (l - j j a e ( a ‘u )W d w  w >  0

Note that ^  (jcf)<iy has the value a/u and not unity, inasmuch as the 

event / k  "> 0J is not a certain event.

The proof of (6) relies on the fact that the event ¿waiting time 

of an arrival is between H  and j£ + dnj is the composition, for a rang.

13Ibid., p. 132.
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ing from 1 to g o, of the events jr\ in system just before the arrival, 

n  - 1 services in the time interval 1 service in time ¿¡¡f}.

The density function 9(v) for the total time a n  arrival spends in 

the system (waiting time plus service t i m e ) may be calculated and turns 

out to be

(7) 9 (v) = (u - a ) e (a"u ) v M

From (5), (6 ), and (?) the expectations of the various random 

variables may readily be c o m p u t e d . The results are listed below.*5

( b )

Mean number in waiting line

L = a 2 
9 u(u - a)

Mean number in system, including the one being served

(9) L = — - L + H
u - a 1 u

Mean waiting time

(10) Wa « -7- S .= Hi
^ u^u - a) a

Mean time in system, including service

(ID W L
a

Probability of u  units .in the system

^ ____________________________________*■ - ft H ) ^ ) " _____________________

U I b i d . ,  p. 132.

^ A d a p t e d  fro m  Sasieni, p. 133, to agree wit h  those cited by 

Buffa, p. 253.
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At first glance, it might soem that the difference between the 

mean number in the system and the mean number in the waiting line

however, indicates that this is not true; the difference is less than 

1* A  moment's reflection indicates the intuitive reason. Sometimes, 

because of the random nature of arrivals and service times, the service 

facility is idle so that the average number being served per unit of 

time must be less than 1. Also, note that the difference between the 

mean time in the system and the mean waiting time (W - Wq) is simply 

the average time for s e r vice.

For the case of m  servicing stations, each with mean service rate 

ii, fed by a queue built up of arrivals with mean arrival rate a. the 

govèrning equations (l) yield the following expressions for the Pn in 

terms of P Q ;

The sequence Pfi is seen to be composed of two dissimilar parts (if

reason, it will be convenient to state queue properties in terms of 

P Q as well as a, il> and m. In specific numerical examples, where it is 

usually necessary to evaluate P Q , the following expression for P D may

(L - Lq ) should be 1, the unit being s e r v e d . A check of the formulas,

(13)

m = » l ) ;  and the resulting expression for P 0 is not simple. For this

be u s e d t
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(14) 1
o

mu

mu - a

which is valid if WU >  a. (I.f fflU <  u, none of the results of this

paper are applicable, since in that case the queue builds up indef

initely, and stability in time is never achieved.

As shown e a r l i e r , for the case m  = 1, the probability that an 

arrival has to wait for service is a/u. For the general case of m  

servicing stations, the probability that an arrival has to wait is just 

the probability that at any specified instant there are at least jn 

units in the system. From (13) this probability m ay be c o m p u t e d :

The formulas for mean number in waiting line, mean number in 

system (including the one: being s e r v e d ), mean waiting t i m e , and mean 

time in system (including service) for ¡n servicing stations are listed

analogous formulas for the case n = 1 . For the mode of p r o o f , see 

Philip li. Morse, Queues, Inventories, and Ma i n t e n a n c e , liew York: John 

Wiley &  Sons, Inc., 1958, cited by Sasieni, Maurice., Yaapan, A r t h u r . ,
and Friedman, L a w r e n c e . Operations itosoarch---- Mot]tods and Prob l e m s .
Third Printing, new York: John Wiley &  Sons, Inc., 1961.

(15)

below without p r o o f . ^

Mean number in waiting line

(16) L, = ____ au (a/u)1(1.... . p
9 (m - 1) 1(mu - a)^ °

-^The derivation of these formulas is more complicated than the
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(17)

Mean waiting time

(18) W.
q

-----____________
(m - 1) i(mu - a

Mean time in system, including service

(19) w = w + -1 = L
q u a

Although the relationships are somewhat more complex, especially 

for a large number of channels, it can be seen that only one of the 

conditions need be calculated, Lq, L, Wq, or W, and all of the others 

may be calculated quite simply through the interrelationships that 

exist»

If we take the ratio between the mean arrival rate and the mean

service rate, we have an index of the utilization of the service

facility. This ratio is commonly called the utilization factor and

shall be denoted as p. Figure 5 summarizes the result of computing

the average number in the waiting line, Lq, for different values of

the utilization factor, p, as utilization is varied. If the two rates

are equal, p  = 1 , theoretically, the service facility could be used

100 per cent of the time. However, as p  approaches unity, the number

waiting in line increases rapidly and approaches infinity. It m y  be

seen that this is true by examining the basic equations (8 ), (9 ), (10), 

and (11). Furthermore, p  - &  appears in the denominator in all cases.

Accordingly, when a  and p  are equal, p  - p  is zero and the value of
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L, L , VI, or VJq becomes infinitely l a r g e . In practical situations, 

this never really happens because someone takes action either to 

reduce the arrival rate or increase the processing rate in order to 

remedy the situation, lie seo now one of the requirements of a n y  prac

tical system: a  must always exceed otherwise we cannot have a stable 

system. If units are arriving faster on the average than they can be 

p r o c e s s e d , the waiting Line will be continuously increasing and a 

steady state cannot be a c h i e v e d „



CHAPTER IV

m a c h i n e s  r e q u i r i n g  a t t e n t i o n  a t  r a n d o m  i n t e r v a l s

In m a n y  industrial processes an operator attends a number of 

machines which stop from time to time. Each time a nachine stops the 

operator has to do certain amount of work before it can be restarted. 

If at any time two or more machines are stopped simultaniously, there 

will be a loss of production due to the period the machines have to 

wait for attention. I shall now show how the basic equations can be 

applied to an actual problem to optimize production when the operator 

has no duties away from the m a c h i n e .

The system, shown schematically in Figure 6 , which appears to be 

a complicated multiple-channel, single-phase case is narrowed to a 

single-channel, single-phase c a s e . The same assumptions used for 

developing equations (8 ) through (11) of Chapter III are applied, 

namely: 1 . random arrival rates; 2 . exponential service times; 3 . 

first-come, first-served queue discipline; 4 . the mean service rate 

U  is greater than the mean arrival rate &. The computations for 

equations (8 ) through (11) are shown in tables 2 through 5, respec

tively. The relationship of heads waiting service, Lq, to the number 

of men assigned is plotted in figures 9 through 12.

The system consits of twenty-six machines which twist pairs of 

wire used in the production of cable. Fifteen machines operate at 

1200 RFM and eleven machines operate at 1035 RFM. Each machine has

25
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Machine«
1
r 2r 3 4

~ 1
5
7--- ; r J

X 1 Y 
i

1
X i Y X 1 Y

1
X i Y

1
X 1 Y

1

i
X ! Y

i 1 i i ...1 1

Working Aislei h i i m i —m m w j _____ - . . . . . . . i
Ranks

an "X" and a "Y" head which operates individually and shuts off a u t o

matically after a pre-set footage of wire has boon twisted. The 

footage per reel is determined by the gauge of wire while the time 

required to twist a reel of wire is a function of the twist length and 

the machine speed. Each machine is capable of twisting any scheduled 

twist length and can be assigned accordingly at random. It is require« 

that the machine be stopped and the drive gear changed to obtain a 

change in twist length. The required twist length varies between 1.8 

and A.2 in increments oi 0.1 inches. The restriction that, both heads 

produce the same twist length is to simplify material handling. One 

operator seldom passes another operator due to the narrow working 

aisle. The aisle is designed narrow to eliminate the need for the 

operator to step with a loaded supply reel. This design is to minimise



27

the operator effort. Accordingly, this system can be handled as a 

single-channel, single-phase case (one waiting l i n e , one s e r ver).

A n  operator is required to attend a number of heads which, as 

pointed out earlier, stop automatically when the twisting operation 

is completed. In addition, the heads must be stopped when there is a 

wire break. Each time a head stops, or is stopped, the operator has to 

do a certain amount of wor k  before it can be re-started. If a head 

stops while the operator is at wo r k  on another head, the second head 

to stop must remain stopped until the operator has started the first 

head. I shall use the term interference for this effect. Some heads 

will be idle and unattended if the operator is not available for other 

reasons, e.g., work aw a y  fro m  the machines or break period. The prob

lem is to estimate the effect of interference or production given the 

rate of occurrence of stoppages, the time taken to clear these stoppages 

and the number of heads per operator. The problem also includes esti

mating the effect of increasing the speed of the 15 machines and the 

effect of varying the average twist length. A  complete solution to 

this problem would have to take into account absenses of the operator 

from the machines, but in this paper I shall assume that the operator 

is always available. This is a reasonable assumption because break 

and lunch periods of the operators are staggered such that a portion 

of the operators are always present. Furthermore, the working day is 

based on a 55 minute hour; tv/o 10 minute breaks and a 20 minute lunch 
period.

i
The wor k  which the operator performs each time a head stops 

automatically consists of (l) removing the two empty supply reels and 

replacing them with full ones, (2 ) jogging the head to pull the tie-in
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knot through to the take-up reel, (3 ) removing the full take-up reel 

and replacing it with an empty o n e , (U) reset the stop counter, and (5) 

start the head. In addition, the operator observes and listens for 

wire breaks. Wh e n  a wire break occurs, the operator must stop the head 

manually by pushing the stop button, do the necessary wor k  to clear the 

break and restart the h e a d .

The time required to twist a reel of wire is a function of the 

twist length and machine s p e e d :

Minutes per Reel = I g o t age per reel
velocity

Velocity =

where Velocity = feet per minute of wire

RPM = machine speed

L = length between twists in inches

Example: Min. per reel = = 31.5 min. for a 3» twist length,

18,900 feet of wire per reel, and a machine operating at 1200 RPM.

Accordingly, we have the state of affairs illustrated in Figure 7. 

A blank space in any line denotes that the head is stopped and awaiting 

attention." A l l  the heads are running until time A when head 1 stops. 

The operator is engaged until time B in clearing the stoppage of head 

1 at which time head 2 stops. This demonstrates that heads 1 and 2 are

Benson, F. and Cox, D. R. "The Productivity of Machines 
Requiring Attention at Random Intervals," J ournal of the Rova ,̂ 

S-tsi'Agiic&l SbCigty? Volume 13B (1951) pp. 65-82, discusses this 
problem and modifications to the theory when the operator has duties 
away from the machine.
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Head 1 

Head 8 

Head 3

Time

Figure 7.

producing the same twist length and head 2 was serviced immediately 

following head 1 . While the operator is servicing head 2 , head 3 has 
stopped at C and remains standing until the operator is free to attend 

to it at time D. The clearing of the stoppage on head 3 is completed 

at E when all three heads run again until head 3 stops at F. The 

stoppage of head 3 before head 1 and 2 demonstrates that head 3 is 

producing the longer twist length; less time to complete a reel of 

twisted pairs. The time CD, wh e n  head 3 is stopped and waiting for 

attention, is known as Interference t i m e .

The result of a wire break is s h o w  in Figure 8 . The d e s crip

tion of operation would be the same to clear the initial three stop

pages. Now, assume a wire break occurs on head 1 at H 1 and it takes 

H ’l* time to clear the stoppage and start the head again. Head 1 is

Heed 1

Head 8 

Head 3

1 1 I I I I
' M | |  ,

A  B C D  *  H .

Time
F 0 I Î

Figure 8 .
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no longer in the same sequence as it was before with head 2. Further

more, a wire bi'eak is unpredictable and could happen anytime through

out tlie cycle. If a wire break occui’s when the operator is clearing 

the stoppage of another h e a d , additional interference time is c r e a t e d . 

It is quite obvious that, after a few hours of operation, all stoppages 

will be at random intervals and interference will increase with the 

number of heads attended by an operator.

The mean service rate was established by observing the clearance 

time for 50 stoppages. Ten observations were made on each of five 

operators on three different days, between the fourth and fifth 

working hour of the day. This pattern was established to eliminate 

evaluating operator performance and fatigue allowance. The observed 

readings are shown in Table I. The mean time to clear a stoppage was 

found to be 3.28 minutes; thus, the mean service r a t e , &, is 0.305 

units per m i n u t e .

TABLE I

Record of Clearing Time 
of Fifty Sto p p a g e s , 

Minutes

2.0b 2.42 2.87 3.23 3.69
2.14 2.44 2.91 3.24 3.97
2.14 2.46 2.94 3.34 4.04
2.16 2.50 3.03 3.40 4.06
2.16 2.55 3.06 3.45 4.15
2.18 2.64 3.12 3.47 4.27
2.19 2.70 3.14 3.50 4.52
2.24 2.76 3.17 3.52 6.92
2.39 2.77 3.20 3.54 7.30
2.40 2.79 3.21 5.63 8.02

Mean Service Time = 3.28 minutes



The mean arrival rate is varied by varying the number of oper

ators servicing the 52 heads. This is the same as varying the head 

assignment per operator. By computing the ratio between the mean 

arrival rate and the mean service rate as the mean arrival rate is 

varied, we obtain the utilization factor of the service unit.

It is desired to evaluate the potential increase in operator 

utilization if the 15 machines were modified to operate at 1200 RPM 

and to evaluate the potential increase in capacity if the average twist 

length were increased. This may initially appear to be a simple 

arithmetic problem, however, since the number of machines is fixed 

the speed increase m y  result in adding a fraction of a man. If this 

is the c a s e , operator utilization would decrease to maximize output 

and the result would be an increased labor cost per foot of w i r e . On 

the other hand, if the present men are not economically u t i l i z e d , the 

increased speed would result in a decrease in labor cost per foot of 

wire.

Tables 2 through 5 show the computations to determine the ut i l i

zation factor of the operator, a/u, and the mean number of heads 

waiting s e r vice, L^, for each of three different reels of wire which 

have different lengths, due to the wire gauge, and thus require a 

different length of time to twist. Table 2 reflects the original 

state of the machines (15 operating at 1200 RPM and 11 operating at 

1035 RPM) and a n  average twist length of 2.3 inches. Table 3 represents 

an increase of 0 .2 inches in the average twist length (twist length =

3.0 inches) at the same speed. Table 1+ represents all machines oper

ating at 1200 RPM with the original 2.8 inches twist l e n g t h . Table 5 

represents the speed Increase and the 3 .0  inches twist l e n g t h .



TABLE 2

Before Speed Increase; Twist Length -  2 .8  inches ana .vverage V elocity  -  515.56 ft ./m in .

No. o f  
Men

Heads
Man

Ave. Time 
Between 

A r r iv a ls  a u a2 u - a u(u -  a ) a /u
L d L *q 1

5 11.3 3.25 0.308 0.305 0.0949 -0.003 -0.0009 1.01 C D

6 9.3 3.95 0.253 0.0640 0.052 0.0159 0.83 4.0 4.8 15.8 19.0
A 7 7.9 4.65 0.215 0.0462 0.090 0.0275 0.70 1.7 2.4 7.9 11.2

8 6.8 5.40 0.185 0.0342 0.120 0.0366 0.61 0.9 1.5 4.9 8.1
9 6.0 6.12 0.163 0.0266 0.142 0.0433 0.53 0.6 1.1 3.7 6.7

10 5.4 6.80 0.147 0.0216 0.158 0.0482 0.48 0.4 0.9 2.7 6.1

4 14.4 3.08 0.325 0.305 0.1056 -0.020 -0.0061 1.07 CO
5 11.3 3.93 0.254 0.0645 0.051 0.0156 0.83 4.1 4.9 16.1 19.3

B 6 9.3 4.77 0.210 0.0441 0.095 0.0290 0.69 1.5 2.2 7.1 10.5
7 7.9 5.62 0.178 0.0317 0.127 0.0387 0.58 0.8 1.4 4.5 7.9
8 6.8 6.53 0.153 0.0234 0.152 0.0464 0.50 0.5 1.0 3.3 6.5
9 6.0 7.40 0.135 0.0182 0.170 0.0519 0.44 0.4 0.8 3.0 5.9

2 32.5 2.98 0.336 0.305 0.1129 -0.031 -0.0095 1.10 CO
3 20.0 4.84 0.207 0.0449 0.098 0.0299 0.69 1.5 2.2 7.2 10.6

C 4 14.4 6.72 0.149 0.0222 0.156 0.0476 0.49 0.5 1.0 3.4 6.7
5 11.3 8.57 0.117 0.0137 0.188 0.0573 0.38 0.2 0.6 1.7 5.3
6 9.3 10.41 0.096 0.0092 0.201 0.613 0.31 0.15 0.5 1.6 5.2
7 7.9 12.25 0.082 0.0067 0.223 0.680 0.27 0.1 0.4 1.2 4 .»

v>
M

B

Footage/Reel -  18,900 
Time/Reel -  36.7 min.

Footage/Reel -  22,900 
Time/Reel -  44.4 min.

Footage/Reel -  49,900 
Time/Reel -  96.8 min.



TABLE 3

Before Speea Increase; Twist .Length -  3. 0 inci.es and ,,.verage V elocit y -  :d52.33 f t . /min

Ave. Time
No. o f Heads Between

Lien ¿.an A rrivals a u a2 u -  a u( u -  a) a/u Lq L

11.3 3.03 0.330 0.305 0.1089 -0.025 -0.0076 1.08 00
6 9.3 3.68 0.272 0.0740 0.033 0.0101 0.83 7.3 8.2 26.8 30.1
7 7.3 4.33 0.231 0.534 0.074 0.0226 0.76 2.4 3.2 10.4 13.33 ó .8 5.03 0.199 0.0396 0.106 0.0323 0.65 1.2 1.9 6.0 9.5
9 6.0 5.70 0.175 0.0306 0.130 0.0397 0.57 0.8 1.4 4.6 8.0

10 5.4 6.33 0.153 0.0250 0.147 0.0448 0.52 0.6 1.1 3.8 7.0

4 14.4 2.83 0.347 0.305 0.1204 -0.042 -0.0128 1.14 00
5 11.3 3.67 0.272 0.0740 0.033 0.0101 0.89 7.3 8.2 26.8 30.1

B 6 9.5 4.46 0.224 0.0502 0.081 0.0247 0.73 2.0 2.7 8.9 12.17 7.9 5 • 3 o 0.190 0.0361 0.115 0.0351 0.62 1.0 1.6 5.3 8.48 o .8 6.10 0.164 0.0269 0.141 0.0430 0.54 0.6 1.1 3.7 5.73 o.O 6.92 0.145 0.0210 0.160 0.0488 0.48 0.4 0.9 2.8 5.2

2 32.0 2.78 0.350 0.305 0.1225 -0.045 -0.0137 1.15 COr2: 30. u 4.52 0.221 0.0438 0.084 0.0256 0.72 1.9 2.6 8.6 11.8
4 14.4 o.27 0.159 0.0253 0.146 0.0445 0.52 0.6 1.1 3.8 6.9
5 11.3 7.99 0.125 0.0156 0.180 0.6549 0.41 0.3 0.7 2.4 5.6
Ò 9.3 9.71 0.103 0.0106 0.202 0.0616 0.34 0.2 0.5 1.9 4.9
7 7.9 11.43 0.087 0.0076 0.218 0.0665 0.29 0.1 0.4 1.1 4.6

A  ti C_

Rootage/heel -  13, 900 JTootage/Reel - ¿¿ ,»0 0  Foot age Ale el -  19 ,£'30
litie/nee 1 -  3a. 1 .tin. Time/heel -  41.5 rain. Time/rieel -  90.3 rain.



t a b l e  4

.if t er Speed Increase: Twist Leni;$th -  2.8 inches .and average Veloci ly -  560. 00 f t . /min.
ave. T ime

No. of Heads Between
ken » ivian .arrivals a u a* u -  a u(u -  a) a/u Lq L «q w

5 11.3 2.99 0.334 0.305 0.1116 -0.029 -0.0088 1.10 005 9.3 3.63 0.275 0.0756 0.030 0.0102 0.90 7.4 8.3 26.9 30.0il ^ 7.9 4.28 0.234 0.0548 0.071 0.0217 0.77 2.5 3.3 10.7 14.18 6.8 4.97 0.201 0.0404 0.104 0.0317 0.66 1.3 2.0 6.5 10.09 o . 0 5.63 0.178 0.0317 0.127 0.0387 0.58 0.8 1.4 4.5 7.910 5.4 6.26 0.160 0.0256 0.145 0.0442 0.52 0 .6 1.1 3.8 6.9

4 14.4 2.84 0.352 0.305 0.1239 -0.047 -0.0143 1.15 005 11.3 3.62 0.276 0.0762 0.029 0.0088 0.90 8.7 9.6 31. 5 34.8B 6 9.3 4.40 0.227 0.0515 0.078 0.0238 0.74 2.2 2.9 9. 7 12.87 7.9 5.18 0.193 0.0372 0.112 0.0342 0.63 1.1 1. 7 5.7 8 .88 6.8 6.01 0.166 0.0276 0.139 0.0424 0.54 0.7 1.2 4.2 7.29 6. U 6.82 0.147 0.0216 0.158 0.0482 0.48 0.4 0.9 2.7 6.1

2 32.5 2.74 0.365 0.305 0.1332 -0.060 -0.0183 1.20 003 20.0 4.46 0.224 0.0502 0.081 0 .0247 0.73 2.0 2.7 8.9 12.1C 4 14.4 6.19 0.162 0.0262 0.143 0.0436 0.53 0 .6 1.1 3.75 11.3 7.88 0.127 0.0161 0.178 0.0543 0.42 0.3 0.7 2.4 5.56 9.5 9.58 0.104 0.0108 0.201 0.0613 0.34 0.2 0.5 1.9 4.87 7.9 11.28 0.089 0.0079 0.216 0.6659 0.29 0.1 0.4 1.1 4.5

Footage/Reel -  13,900 
Time/Reel -  33.8 min.

3

Footage/Reel -  22,900 
Time/Reel - 40 .9 ,min.

C

Footage/Reel -  49,900 
Time/Reel -  89.1 min.



Ta b l e  5

di'fce:r. Speed Increase^ Twist Length -  3.0 inches ana Average V elocity  -  600 ft ./m in

A v e . Tine 
No. o f Heaas Between

men man arriva ls & u a2 u -  a u( u -  a) a/u Lq L «q
5 11.3 2.79 0.358 0.305 0.0924 -0.053 -0.0162 1.17 00
6 9.3 3.00 0.295 0.0870 0.010 0.0031 0.96 28.5 29.5 96.7 100.07 7.9 3.99 0.263 0.0630 0.054 0.0165 0.82 3.8 4.6 15.1 18.38 b. d 4 • o«3 0.251 0.0467 0.089 0.0271 0.71 1.7 2.4 7.9 11.119 6.0 5.25 0.190 0.0361 0.115 0.0351 0.62 1.0 1.6 5.3 8.410 5.4 . 5.83 0.172 0.0296 0.133 0.0406 0.56 0.7 1.3 4.1 7.6
4 la . 4 2. do 0.377 0.305 0.1421 -0.072 -0.0220 1.24 000 11.3 3.38 0.296 0.0876 0.009 0.0027 0.97 32.4 33.4 109.5 112.86 9.3 4.11 0.243 0.0590 0.062 0.0189 0.80 3.1 3.9 12.8 16.07 7.9 4.84 0.207 0.0428 0.098 0.0299 0.68 1.4 2.1 6.8 10.18 6. d 5.62 0.178 0.0317 0.127 0.0387 0.38 0 .8 1.4 4.5 7.99 o. 0 6.37 0.157 0.0246 0.148 0.0451 0.51 0.5 1.0 3.2 6.4
2 32.5 2. 56 0.391 0.305 0.1529 -0.086 -0.0262 1.28 003 20.0 4.16 0.240 0.0576 0.065 0.0198 0.79 c* • 9 3.7 12.1 15.4Q 4 14.4 5.78 0.173 0.0299 0.132 0.0403 0.57 0.7 1.3 4.0 7.5D 11.3 7.36 0.136 0.0185 0.179 0.0546 0.45 0.3 0.8 2.2 5. 96 9.3 8.95 0.112 0.0125 0.193 0.0589 0.37 0.2 0.6 1.8 5.47 7.9 10.53 0.095 0.0090 0.210 0.0641 0.31 0.1 0.4 1.1 4.2

Tootuge/rieel -  18,900 
fine/rieel -  31.5 min.

B

Footage/neel -  22,900 
Tine/rieel -  38.2 min.

Footage/Reel -  49,900 
Time/Aeel -  83.2 min.

............
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Comparison of Tables 2 and 3 along any row of the number of men 
assigned show a n  increase in operator utilization and also a n  increase 

in the number of heads waiting service. In fact, each change shown by 

Tables 2 through 5, progressively represent a n  increase in operator 

utilization and an increase in the number of heads waiting service. 

Comparison of Tables 24 and 54 show a n  additional operator could be 

added with only a slight decrease in operator utilization and output 

would be increased a c c o r d i n g l y . However, comparison of Tables 2£  and 
5 £  show that the addition of one operator would have little effect 

even though the percentage increase in operator utilization is the 

same. The overall increase is computed by comparing the utilization 

iactor of Table 2 and Table 5. F or example, 6 men in Table 24 are 

0.83 utilized; 6 men in Table 54 are 0.96 utilized. The increase 

amounts to 15 per cent. If the relationship of queue length, Lq , to 

the utilization factor, a/u, were plotted for each reel length in 

each table all on the same plot it would develop a continuous curve 

as that shown in Figure 5, Chapter III. Each plot, plotting Table 2 

through 5, progressively would move slightly to the left of the p re

vious plot for a total amount of 15 per cent.

At this point a measure of economics must be considered. The 

number of heads that should be permitted to be waiting service should 

depend on the cost of investment attached to each head, the cost of 

money, and the cost of labor (including benefits). For this particular 

paper it shall be assumed that the cost of money invested in two and 

one-half heads balance the cost of labor for one operator. Figures 9 
through 12 show the relationship of heads waiting service to the 

number of m en assigned to the 2b machines under the conditions sot
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forth in Tables 2 through 5 respectively. The dashed line across each 

figure indicates the break-even point of m an versus machine.

The conclusion of our initial problem of evaluating the speed 

increase of the 11 machines and the twist length increase is apparent: 

the machines should be increased in speed (unless the additional main

tenance costs off-set the speed-increase savings) and the twist length 

should be as long as permitted to obtain maximum output. Since the 

variation m  twist length has about the same significance as the speed 

increase, and since the operators do not pass each other in the aisle 

during operation of the machines, the variation in the average twist 

length for a ny group of machines should be maintained as close as 

possible. However, due to the complexity of such a task, this problem

be left for the computer.

The problem world be set-up for the computer by fjrst establishing 

an average twist length for a fixed number of machines. For example, 

there could be three groups of four and two groups of five. Note.:

It is now necessary to use machines rather than heads because, as 

stated earlier, the "X" and "Y" heads produce the same twist length. 

Then certain twist lengths would be assigned each group of machines 

such that the average twist length would not vary significantly when 

the machine is changed from one twist length to another.



CHAPTER V

SUMMARY A ND CONCLUSIONS

Everyone is familiar with a waiting line. A  waiting line exists 

whe n  units arrive faster than the service process can handle them. 

Waiting also occurs within the service process when the facility has 

idle time. If it is known what controls the rate of arrivals, how 

long it takes to service an arrival, and the order in which the units 

are processed, then the process associated with waiting or idle times 

can be mathematically analyzed. This study and analyzation is known 

as the "Queuing Theory."

A  "queue", according to Webster's New Collegiate Dictionary, is a 

waiting line as of persons before a ticket window. Queues for service 

of one kind or another arise in many different fields of activity. 

Arriving units may form one line and be served through only one 

station, as in a doctor's office; they m y  for m  one line and be 

serviced through several stations, as in a barber shop; or they may 

form several lines and be served through many stations, as at the 

checkout counters of a supermarket. Whe n  confronted with a problem 

involving waiting lines, the decision maker must use his knowledge of 

the characteristics of the queue in attempting to reduce costs and 

maximize o utput.

The practical aim in investigating a system with congestion is to 

improve the system, possibly change it in some way. For example, the
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rate of arrivals may be so high that large queues develop, resulting 

in a high waiting-time per customer, or the rate of arrivals may be so 

low that the service facilities are unused for a large proportion of 

time. In either case a change in the system may be economically 

p r o f itable. Or it may be that some radical reorganization of the 

system, such as the reduction in service-time b y  mechanization. In 

any case, it is often helpful to be able to predict what amount of 

congestion is likely to occur in the modified system. Not only is 

this useful in indicating which of several different modifications is 

likely to be most rewarding for experimental study, but also in certain 

applications, particularly in industry, it is impossible to test the 

modification experimentally before reaching a decision. Accordingly, 

the decision would have to be based either on guesswork, or on a 

theoretical prediction ow what would be likely to occur if the modi

fication were introduced.

The basic elements of a queue that must be considered include the 

arrival pattern, queue-discipline, and service mechanism. The arrival 

pattern means the average rate of arrival of customers or units and 

the statistical pattern of the a r r i v a l s . The queue—discipline pertains 

to the order in wh i c h  a customer or unit is selected for service out 

of those awaiting service; the simplest being first-come, first-served. 

The service machanism determines whe n  service is available, how many 

units can be shrved at a time and how long it takes for s e r vice. The 

length of time required for service is usually specified as a statis

tical distribution of service-time. A full description of the elements 

must also include any interaction of the system, such as a tendency 

for a server to work faster when there are customers waiting.



The basic equations governing the queue have been set forth in 

Chapter III. These equations take the form of a set of mathematical 

formulas in which any element may be computed from the one preceding 

it and which leads directly to the probability distribution of the 

random variable n, where n is the number of units in the system at 

any specified instant after stability has been achieved. This portion 

of the paper is for the mathematician and the computations are so 

numerous that to perform on a continuous basis would require a com

puter. However, the discussion of the equations provides the decision 

maker with the fundamental restrictions that must be applied when 

analyzing problems which involve waiting lines.

In Chapter IV, the basic equations are applied to  an industria l 

process in  which an operator attends a number o f machines which stop 

from time to  time. Each time a machine stops the operator has to do a 

certain  amount o f work before i t  can be restarted . I f  the machine 

stops while the operator is  at work on another machine, the second 

machine to stop must remain stopped u n til the operator has restarted

the first machine. The author has used the term interference for this 

effect.

The problem of the effect of interference on production is one 

with a wide range of application in the manufacture of telephone cables. 

The present investigation arose fr o m  the following problem: At one 

stage in cable manufacture it is necessary to twist the wires into 

pairs. The system is shown in Figure 6 . The work which the operator 

performs each time a head stops automatically consists of (l) removing 

two empty supply reels and replacing them with full ones, (2) jogging 

the head to pull the tie-in knot through to the take-up reel, (3 )



removing the full take-up reel and replacing it with a n  empty one, (4 ) 

reset the stop counter, and (5) start the head. In addition, the oper

ator observes and listens for wire breaks. Whe n  a wire break occurs, 

the operator must stop the head manually by pushing the stop button, 

do the necessary work to clear the break and restart the head. Each 

machine lias an "X" and a "Y" head which operates individually and 

shuts off automatically after a pre-set footage of wire has been 

twisted. The footage per reel is determined by the gauge of wire while 

the time required to twist a reel of wire is a function of the twist 

length and the machine speed. Each machine is capable of twisting any 

scheduled twist length and can be assigned accordingly at random. The 

required twist length varies between 1 .3  and 4 .2  in increments of 0 .1  
inches.

The stoppages of the head shutting off automatically occur at 

regular intervals in the running time, depending on the twist length. 

The stoppages due to wire breaks occur at random intervals. There

fore interference occurs, and may be expected to increase with the 

number of heads attended by a n  operator. It is desired to evaluate 

the potential increase in operator utilization if the average speed 

of the machines and the average twist length were increased.

The mean service rate was established by observing the clearance 

time of 50 stoppages. Ten observations were made on each of five 

operators on three different days, between the fourth and fifth 

working hours of the day. This pattern was established to eliminate 

evaluating operator performance and fatigue allowance. The mean 

arrival rate was varied by varying the number of operators servicing 

the 52 heads. This is the same as varying the head assignment per



p er operator. By computing the ratio between the mean service rate as

the mean arrival rate Is varied, the utilisation factor of the operator 

is obtained.

Operator utilization and the number of heads which will be wa i t

ing service at the various levels of operator utilization were computed. 

It was assumed the operator has no duties away from the machines.

Tables 2 through 5 show the computations for each of three different 

reels of wire which have different lengths, due to wire gauge, and thus 

require a different length of time to twist. Table 2 reflects the 
original state of the machines and an average twist length of 2 .8  
inches. Table 3 represents holding the speed fixed and an increase 

in the average twist length, while Table 4 holds the twist length 

fixed and represents an increase in the average speed. Table 5 
includes both the increase in average twist length and average speed.

The conclusion of our initial problem of evaluating the speed 

increase and the twist length increase is apparent: the machines 

should be increased in speed (unless the additional maintenance costs 

off-set the speed-increase savings) and the twist length should be as 

long as permitted to obtain maximum output. Since the variation in 

twist length lias about the same significance as the speed increase, 

and since the operators do not pass each other in the aisle during 

operation of the machines, the variation in the average twist length 

foi any group of machines should be maintained as close as possible. 

However, due to the length of the computations and the rapidity at 

which production schedules change that the problem of scheduling the 

machines be left for the experts to put on a computer. One method of 

setting up the machines such that the
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process can be programmed would
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be to establish an average twist length for a fixed number of machines, 

i01 e x a mple, there could be three groups of four and two groups of 

five. Then certain twist lengths would be assigned each group of 

machines such taht the average twist length would not vary signifi

cantly when the machine is changed from one twist length to another.



APPENDIX I

POISSON A ¡DUVALS AND EXPONENTIAL SERVICE TIMEŜ 8

In general, a rr iv a ls  do not occur at regular in terva ls in  time, 

but tend to be clustered or scattered in  some fashion . The "Poisson 

assumption" sp e c ifie s  the behavior o f a rr iv a ls , by postulating the 

existence o f a constant a , which is  independent o f time, queue length, 

or any other random property o f the queue, such that

(1) P -{an a rriv a l occurs between time t  and time t  + ¿it} = aAt

i f  the in terva l zst is  s u ff ic ie n t ly  sm all. A waiting lin e  fo r  which 

a rr iv a ls  occur in accordance with ( l )  i s  ca lled  a queue with Poisson 

a r r iv a ls . This terminology may seem surprising, but i s  ju s t if ie d  by 

the follovzing re su lt . Let n be a d iscre te  random variable represent

ing the number o f a rriva ls  in  some time in terva l o f  fixed  length T. 

Then, i f  equation ( l )  i s  s a t is f ie d , ¡1 obeys a Poisson d istr ib u tion  

with parameter aT:

(2) f f  (n) = P{n a rriva ls  in  time T} = nl

A futher consequence i s  that i f  T i s  a random variable representing 

the time between consecutive a rr iv a ls , then T obeys an exponential

Sasien i, Maurice. ,  Yaspan, A rthur., and Friedman, Lawrence. 
£pgratiQPP.„,PvS,gga,rqh-..— Methods and Problems - Third Printing. New 
York: John Wiley &  Sons, In c ., 1963, pp,. 126-128.
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distribution with parameter &:

(3) g (T) = density function for T = a e“6'-1'

A c t u a l l y , any or all of the relations (.1 ), (2), and (3) may be taken 

as characterizing Poisson-type arrivals, since it is possible to prove 

any one of the relations starting with any other.

might be anticipated, as the expected number of arrivals occurring in 

a time interval of length u n i t y . If arrivals are Poisson, it can be 

seen from equation (2 ) that the expected number of arrivals in a time 

interval of length T is aT. Setting T = 1, it follows that the mean 

arrival rate for Poisson arrivals is just g.. The mean arrival rate gi 

is a dimensional n u m b e r , whose units are arrivals per time unit.

The expected time between consecutive arrivals is just the mean 

of the random variable T whose density function is given by (3). This 

mean time between arrivals is easily computed to be l/a. (Note: the 

reciprocal relation between the mean arrival rate and the mean time 

between arrivals is one of the implications of the Poisson assumption 

for arrivals, and may not hold true for other arrival d i s t r i butions.)

Discussion of the properties of the servicing facility is compli

cated somewhat by the fact that servicing can take place only when 

there is a unit in the system requiring service. This explains the 

conditioning event in the following assumption. The statement (4) is 

analogous to (l) and is assumed to hold for each servicing station:

in a waiting-line situation is defined, as

(4) P (a serviced unit is turned out in the interval t to t + y\t 

given that a unit is being serviced at time t./ = u ¿\ t



where u is some constant. Here it is assumed that the constant of 

proportionality u is independent of t i m e , of queue length, and of any 

other random characteristic of the waiting-line system. It can be 

shown that, if the output of serviced units obeys (U), then servicing 

time is subject to the expontial distribution. More precisely, if 5. 

is a random variable representing the time it takes the station to 

complete service on a unit, then

(5 ) g(s) = density function of s = ue"us

The me a n  servicing rate for a particular station is defined as 

the conditional expectation of the number of services completed in one 

time unit, given that servicing is going on throughout the entire time 

unit. If servicing times are exponential, it turns out that the mean 

servicing rate is u, which thus has dimensions of serviced per time 

unit. Roughly, u  may be regarded as the quotient of the output of the 

servicing station over some long time interval, divided by the portion 

of the time interval that the serving station is actually in operation. 

The mean servicing time has the obvious interpretation as the mea n  of 

the random variable £  mentioned a b o v e ; for exponential service times, 

it can be found from (5 ) that the mea n  service time is l/u.

To complete the analogy between Poisson arrivals and exponential 

service times, it can be noted that, if £  is the number of potential 

services in time T, i ,e., the number of units the servicing station 

could turn out in time T if there were no enforced idle time, the &  

obeys a Poisson distribution with parameter uT:



(6 ) ¿T (n) = P (n services in time T given that servicing is

going on throughout 17
_ iu'Dno-”T

n!

As with Poisson arrivals, the relations (4), (5), and (6 ) are 

eq u i v a l e n t .
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