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POLAR TRIANGLES.
By W m . F. R igge, S. J.,

Creighton University, Omaha, Neb.

Polar triangles are apt to prove most uninteresting to the stu
dent of spherical geometry. The cause of this apathy is to be 
found as well in the want of a globe upon which these triangles 
may be shown in their true form, as in the little use which they 
seem to serve.

As a slated globe is not likely to be within the reach of most 
instructors, a good and probably more effective substitute for it 
may be made of ordinary card
board by cutting out a num
ber of circles or parts of them 
with the same radius, say, of 
six inches. On one of these 
circular pieces, Fig. 1, we 
draw two- radii HC and OC 
at an angle equal to one side 
a of a spherical triangle OHN 
and then two other radii, CA 
and EC, at right angles to 
the first two. We construct 
similar sectors for the other 
sides b and c, of the triangle.
Then cutting out a slot half 
way along these radii, HC,
OC, NC, of the width of the 
cardboard, and removing the 
outer half of a radius in one 
sector and the inner half in 
another, we can fit these 
pieces of cardboard together 
and secure them in their position with a few stitches of thread. 
Having computed the angles of this triangle, HON, its polar 
triangle may be constructed in a similar way. It may be nec
essary, however, to cut a few additional slots into the cardboard 
sectors in order to fit them together.

In this way the student can see at a glance that the sides of 
the triangles are arcs of great circles and that their planes in
tersect at the center of the sphere. He will see the meaning of
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the appellation polar, and can readily understand all the propo
sitions in the geometry relating to these triangles. It is evident 
that other propositions in spherical geometry can be illustrated 
by similar models. And I dare say that the instructor himself 
will even prefer the cardboard polar triangles to a slated globe.

Another substitute for a slated globe is a cheap six-inch terres
trial globe such as can be bought for 35 cents or less. Pins 
may be stuck into it and connected by colored strings, and the 
examples, especially in trigonometry, may be made very practi
cal by taking known cities as vertices of the triangles. The holes 
made by the pins do not disfigure the globe; indeed, it is some
times difficult to find them even in the oceans.

In order to show the use of such a globe I will give the data 
of a practical example. I have taken Omaha, Honolulu, and 
Panama as the vertices of the triangle and denoted them by the 
letters O, H, N, reserving P for the north pole. I will give the 
latitudes and longitudes of these and other places later.



Fig. 2 will serve to fix our ideas as to the meaning and ap
proximate location of the points to be mentioned. This figure 
is an orthographic projection of the terrestrial sphere as seen 
from the zenith of the point Q, the center o f the other inscribed 
in the triangle OHN. The triangle KLM  is polar to the original 
triangle OHN. The reciprocity and other properties of these 
two polar triangles may readily be seen from the figure by any
one conversant with the subject. That each side of one triangle 
is the supplement of the angle opposite to it in the other, would 
seem to be the only property that is generally mentioned in text
books. The interest of the student in polar triangles will cer
tainly be awakened if some of the other properties are also illus
trated. Thus, the point Q, which is the pole of the circle in
scribed in the triangle OHN, is also the pole of the circle cir
cumscribed about the triangle KLM, and the radii of these two 
circles are complementary. Similarly, R is the pole of the circle 
circumscribed about HON and of the circle inscribed in KLM, 
and the radii of these circles are complementary. The arcs of 
the great circles drawn from the vertices of one of these triangles 
through the pole of its inscribed circle, bisect the angles in this 
triangle and the opposite sides of the other triangle: HQJ, OQV, 
NQW, KRT, LRS, MUR. The arcs of the great circles drawn 
from the vertices of one triangle through the pole of its circum
scribed circle, intersect the points at which the sides of the other 
triangle are tangent to its inscribed circle: HRZ, ORY, NRX, 
KQD, LQC, MQA.

The positions of the points in the example selected are as 
follows:

Latitude Longitude
Omaha O + 41° 16' +  95° 57'Vertices of Original Triangle Panama N +  8 57 + 79 31Honolulu H + 21 19 + 157 52

K -  21 14 + 166 0Vertices of Polar Triangle I, -  48 43 + 94 15M + 68 7 -  33 34
' S + 35 16 +130 13T +  25 20 + 86 37U + 19 1 + 117 21Middle Points of the Sides V -  40 36 + 137 11W + 43 36 + 178 8

J +  18 44 +  60 16



E
AIntersection of Sides of Original Triangle produced with Sides of Polar Triangle p 

(produced) q

B

-  0 50 
+  33 26 
+  65 40
-  41 12 
+  19 49 
+  3 49

-174 47 
+  52 59 -168 56 
+  56 9 
+  172 46 
+  66 22

Radius of Circle Inscribed in OHN Radius of Circle Circumscribed about KEM Pole of both Circles Q +  28 50
11 57 78 3 

+  103 54
Radius of Circle Circumscribed about OHNRadius of Circle Inscribed in KLMPole of both Circles R +  7 43

39 29 50 31 
+  119 25

CPoints of Tangency of the Inscribed Circles D
A

X
Y
Z

+  40 44 
+  34 43 
+  17 2

+  105 42 
+  91 38 + 107 8

-  2 42-  34 3
-  13 0

+  171 6 
+  144 15 
+  74 0

North Pole P +  90 0
O'Symmetrical Antipodal Triangle N'H'

-  41 16-  8 57
-  21 19

-  84 3 -100 29-  22 8
Pole of Circle circumscribed about Antipodal Triangle R ' -  ^  43t -  60 35

It is, of course, left to the judgment of the instructor to use 
as many of the points given as he may think fit, or even to devote 
a globe permanently to the illustration of this example.


