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 Abstract  
 

Active Galactic Nuclei (AGNs) are the most luminous objects  in the universe and are thought to be 

powered by the accretion of matter onto a million to a billions solar mass black hole. AGNs emit 

immense amount of luminosity in almost all part of the electromagnetic spectrum and therefore it is 

assumed that a range of physical processes are going on in the AGN. However, the optical emission that 

we are primarily concerned with comes from the thermal black body emission. 

     Soon after its discovery, it was realised that AGNs varies a lot. However, the fundamental cause of 

such variability is largely unknown. In this project we have explored the AGNs optical variability as a 

consequence of fluctuations in accretion rates. Since AGNs light curves are stochastic and aperiodic in 

nature, we applied a coherent first order auto regressive perturbation to the thermal black body 

emission. We also calculated the ratio of amplitude of variability in two optical bands of SDSS stripe 82 

data and showed that a coherent radius dependent ampltude of fluctuations which might arise out of 

inward moving perturbations can not only explain the simultaneous variability across all AGN bands, but 

can also explain the observed higher ratio of amplitude of variability in two optical bands.  
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                 Chapter 1 Introduction  
 
1.1 Project Overview  

  
       With luminosities ranging from billions to trillions times greater than an average star, Active Galactic 

Nuclei (AGNs) are the most luminous objects in the universe. It is now believed that the conversion of 

gravitational potential energy into light energy is the fundamental cause of such immense luminosity. 

The standard accretion disc model with its viscosity parameter ‘𝛼′ has explained several observational 

properties of AGN physics. However, the emission coming from the AGN changes by 5-20 % on a time 

scale of months. This means that for an AGN with a trillion solar luminosity, an unknown physical 

mechanism is causing the total emission to change by hundreds of billions of solar luminosities (Gaskell 

(2003)) . Lyubarskii’s (1997) scheme of fluctuation in viscosity and thus the accretion rate offers an 

interesting solution to explain the X-Ray variability of stellar black holes and AGNs. However, the 

fundamental cause of AGNs optical variability is still very poorly understood. Existing models such as X-

ray reprocessing (Krolik et al. (1991)) or independent temperature fluctuating zones (Dexter and Agol 

(2011)) can explain certain properties of AGNs optical variability but no current model can explain all the 

observational properties. For instance, independent temperature fluctuations can explain the 5-20 % of 

variability observed in the optical light curve but fails to reproduce the simultaneous variability in 

different wavelength bands (tight inter band correlation) (Kakubo(2015)). On the other hand, X-ray 

reprocessing can explain this simultaneous multi band optical variability, but the variability amplitude is 

significantly lower than the 5-20 % variability observed in optical light curve. In this project we have 

developed computer simulations to model the multi wavelength emission from the accretion disc of an 

AGN and compared it to the photometric data from Sloan Digital Sky Survey telescope. By applying a 

coherent auto regressive (AR(1)) perturbation in the thermal black body emission of the accretion disc, 

we have shown that a radius dependent amplitude of perturbation which might arise out of 

combinations of fluctuations in accretion rate is preferred. A radius dependent coherent amplitude of 

perturbation can explain the simultaneous variability in different wavelength bands, 5-20% variability in 

flux as well as the higher ratio of amplitude of variability in two distinct wavelengths of the Sloan Digital 

Sky Survey’s photometric data. 
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 1.2 Description of Active Galactic Nuclei  
 

      Active Galactic Nuclei or AGNs are the centrally placed, luminous regions of galaxies that are thought 

to be powered by the accretion of gases into supermassive black holes, which are millions to  billions 

times more massive than our Sun.  AGNs were also historically referred to as Quasars, which stands for 

quasi-static radio sources since their presence was first detected with radio telescope. Decades later, 

when these faint radio sources were observed using optical telescopes, it was discovered that their 

spectroscopic signature differs considerably from a star, and therefore it was realized that these faint 

light sources are a different class of objects (Peterson (1997)). Moreover, when the redshifts of these 

objects were measured, astronomers realized that these are very distant objects and therefore their 

brightness could not be explained by fusion which is the power source in stellar objects (Peterson 

(1997)). 

As astronomers gathered more observational data for AGNs, they realized that AGNs emit in almost 

all parts of the electromagnetic spectrum (Figure 1.1). With the improvements in the resolution of radio 

telescopes, astronomers realized that some AGNs have a narrow stream of particles (jets) that are 

emitted from their central regions (Figure 1.2). These objects were named radio-loud AGNs in contrast 

to radio-quiet AGNs when such jets were absent (Peterson (1997)). In the UV-optical region, it was 

found that these quasars show a ‘big blue bump,’ i.e., a peak contribution in the ultraviolet region, and 

the energy decreases as wavelength increases in a power law form. Shakura and Sunyaev (1973), 

explained the big blue bump as being thermal in origin. These quasars also emit a copious amount of 

energy in the high energy bands, i.e., X-Rays and Gamma rays, which are non - thermal in origin; these 

high energy photons are attributed to a small region present in the disc known as the ‘corona’. In 

conclusion, there is a range of physical processes that are going on in a quasar and to model the 

emission in a particular wavelength, it is important to select the correct underlying physical mechanism.      
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Figure 1.1 Contribution of power in different wavelength/ frequency range for a typical AGN. The legend of the plot shows that the optical 
emission is coming from the accretion disc, while X- Rays are coming from the corona region. The infra-red emission is coming mainly from the 
dusty torus which is located at parsec distances from the black hole. ( Reproduced with permission from C Harisson) 
 

                                \ 
Figure 1.2 -  An artistic view of a  radio loud AGN. In the radio loud AGN we can see a relativistic jet which is emitted from a region close to the 
supermassive black hole. The exact cause of jets is largely unknown though it is believed that the magnetic field of the accretion disc plays an 
important role in their origin. (Reproduced with permission from Aurore Simonnet ) 
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1.3 The Theory of Accretion Discs in AGNs   
 
       As was stated in the previous section, there is a consensus among astronomers that AGNs cannot be 

powered by fusion.  The extreme luminosity of AGNs (of the order of 10%& ergs/s) is coming from a 

region which is only the size of the solar system (Peterson (1997)). To produce luminosities of almost a 

trillion times more than an average star from a tiny region of space implies that a very compact object is 

present at the center of AGNs and these luminosities are probably due to the conversion of gravitational 

potential energy into light energy (Lynden- Bell 1969). It is now widely accepted that AGNs are powered 

by accretion of matter into million to billion solar mass black holes 

       Accretion discs (Figure 1.3) are a natural occurrence around any compact object. The infalling 

material (due to gravitational attraction) carries angular momentum. As a result, it cannot directly fall 

into the central compact object, and it settles into a geometrically thin disc. The infalling material 

undergoes Keplerian rotation with constant angular momentum until it is acted upon by dissipative 

forces such as viscous interactions between neighboring annuli. This viscous interaction causes infalling 

material to lose angular momentum and finally spiral down into the central object (a supermassive black 

hole in the case of AGNs).  In the original ‘standard disc’ model of Shakura and Sunyaev, the viscosity 

was thought to arise from viscous friction between neighboring annuli of gases. However, Balbus and 

Hawley (1991) showed that the viscous dissipation is more likely to be magnetic in nature.  In the 

standard disc model, viscosity is usually parametrized in terms of a viscosity parameter ‘𝛼′  which is 

assumed to be constant throughout the disc. However, Lyubarskii (1997) showed that fluctuations in 

viscosity  (which leads to fluctuations in the accretion rate) is a good candidate to explain AGNs emission 

variability.  
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Figure 1.3 – An artistic rendition of the accretion disc of an AGN. The accretion disc extends from the innermost stable orbit (which is 
usually located at 6 Schwarzschild radii) to thousands of Schwarzschild radii. The infalling material undergoes a Keplerian rotation until it loses 
angular momentum due to viscous interactions. The picture also shows the innermost region of the accretion disc which is a source of X-ray 
emissions and is called the ‘corona’ (Reproduced with permission from Claudio Ricci) 
 

1.4 Temperature Profile and Luminosity of the Disc  

The standard disc model provides the temperature distribution around the accretion disc of the 

supermassive black hole. Here we have presented a derivation of the disc’s luminosity and temperature 

profile based on Newton’s gravitational laws. 1 

We will consider an accreting material of mass dM in a circular region of the disc at a radius R from the 

black hole of mass M. The gravitational potential energy (E) can be written as  

                                                                 𝐸 = )*+	-+
.

                                                             (1) 

taking the derivative of Equation (1) with respect to the radius R, we get  

                                    -/
-.
= *+	-0

.1
     (2) 

                                                              

 

 
1 This derivation is adopted from the lecture notes of Dr. Phil Armitage - 

https://jila.colorado.edu/~pja/astr3830/lecture26.pdf 
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If mass dM flows through a distance dR, the change in gravitational potential energy can be written as  

                              𝑑𝐸 = *+	-0
.1

	𝑑𝑅                                                    (3) 

It was shown by Shakura and Sunyaev that half of this energy will go to increase the kinetic energy, 

while the other half is radiated away. The luminosity (L) which is the rate of change of energy can be 

written as   

              𝐿 = *+	+5
6.1

𝑑𝑅                       (4) 

where 𝑀5 = -0
-8

   is the accretion rate.    

The luminosity per unit area can be calculated by dividing the luminosity (from Equation (4)) with the 

area of the disc (2	𝑑𝑅	2𝜋𝑅) , where the factor of 2 accounts for the two sides of the accretion disc. 

                                          ;
<=>?

= *++5
@A.B

                                                        (5) 

since the accretion disc emits as a black body, we can use Stefan – Boltzmann’s law to calculate the 

temperature distributions of the disc  

                       *++5
@A.B

= 𝜎𝑇%                  (6) 

where 𝜎 is the Stefan-Boltzmann constant whose numerical value is 5.67	 × 10)@	𝑊𝑚)6𝐾)% 

This derivation is only an approximation to the more exhaustive derivation which is obtained using the 

laws of hydrodynamics and plasma physics. The complete derivation only adds a constant ‘3’ to the 

temperature profile which can now be written as  

                 𝑇 = MN*+	+5
@AO.B

P
Q
R                                  (7) 

It is more convenient to write Equation (7) in terms of Schwarzschild radius (𝑅S). On multiplying and 

dividing Equation (7) with  (𝑅S)
B
R we get  

 

                  𝑇 = MN*+	+5
@AO𝑅𝑠B

P
Q
R M .

.W
P
)BR                                         (8) 

 

In chapter 3, we will use Equation (8) to calculate the flux emission from the accretion disc of a 

supermassive black hole. 
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Chapter 2 – AGN Variability  
2.1 Basics of AGN Variability  

AGNs are variable sources and this variability is observed across the entire electromagnetic spectrum. 

Despite improvements in observational and computational methods, the fundamental cause of this 

variability is still largely undetermined. However, there is a consensus among astronomers regarding 

some of the fundamental properties of AGNs optical variability.(1) The variability in flux is stochastic and 

aperiodic in nature as shown in  Figure 2.1(a). (Peterson (1999)) (2) The slope of the power spectral 

density ( A power spectral density discretizes the power content of a light curve into its frequency 

components) of UV-Optical variability is between -1.2  and -2  when plotted on a log-log scale. This type 

of power spectral density in which there is more power at low frequency as compared to high frequency 

is often referred to as ‘red noise’ Figure 2.1(b).(Czerny et al. (1999)) (3) There is a simultaneous 

variability in the UV-Optical band which eventually produces a  linear relationship between the flux 

measured at two different wavelengths.(Krolik et al.(1991)) (4)  AGNs UV-Optical light curve shows a 

bluer when brighter trend, which means that whenever the AGN brightens, there is more emission at 

shorter wavelengths as compared to longer wavelengths (Giveon et al.(1999)). (not to be confused with 

the ‘redness’ of the power spectral density) 

 

 

           (a) 
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                      (b) 
 
Figure 2.1 (a) The first  plot shows the variability in flux for NGC 5548 (Peterson 1998). The flux is devoid of any periodicity and it varies in a 
stochastic manner. (b) The second plot shows the power spectral density of NGC 5548 (Czerny et al.1999) in a log-log plot. The slope that they 
obtained was 1.17 which is consistent with a red noise process. (Figure 2.1(a) is reproduced with permission from Dr. Peterson and IOP 
publishing. Figure 2.1 (b) is reproduced with permission from Dr. Czerny and Oxford University Press). 

2.2 Observational Studies Done on AGNs Optical Variability  

The temperature profile mentioned in section 1.4 depends on two fundamental properties of the black 

hole- its mass (M) and accretion rate (M’), hence it is important to understand the dependence of the 

variability on these two parameters.  In this section we have tabularized the past studies done on AGNs 

optical variability and its relation to various physical parameters. 

 

Table 2.1 – A review of AGNs optical variability in past surveys. 

Survey  Telescope/ 

Number of targets 

Relationship with Physical 

Parameters (Black hole mass and 

bolometric luminosity/accretion 

rate).  

Additional comments  

Giveon et al. (1999) Palomar 

Telescope / 42 

targets  

Weak anti-correlation of 

variability amplitude with 

bolometric luminosity  

The slope of power 

spectral density on log-

log scale was   

Sterling et al.(2004) Palomar 

Telescope / 42 

targets 

    

-  

Constrained the 

coefficient of viscosity 

between 0.01 and 0.03 
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M. Wold et al. (2006) Quest1 

Telescope/ 100 

targets  

Positive correlation between 

variability amplitude and black 

hole mass. Inverse correlation 

between amplitude of variability 

bolometric luminosity  

Found that shorter 

wavelength emissions 

are more variable when 

compared to longer 

wavelength emissions.  

B.C.Kelly et al. (2009) MACHO telescope 

/ 100 targets  

The amplitude of variability is 

uncorrelated with bolometric 

luminosity and varies inversely 

with black hole mass 

AGNs optical light curve 

shows a red noise 

behavior  

Baeur et al.(2009) Palomar- QUEST 

telescope/ 23000 

targets   

The amplitude of variability is 

directly correlated with black hole 

mass and varies inversely with 

bolometric luminosity. 

Found anti correlation 

between optical 

variability amplitude 

and X-ray luminosity.   

MacLeod et al. 

(2010)  

SDSS stripe 82 /  

10000 targets  

The amplitude of variability is 

directly correlated with black hole 

mass and varies inversely with 

bolometric luminosity. 

Suggested that changes 

in accretion rate as a 

candidate for AGNs 

optical variability. 

Schmidt et al. (2012)  SDSS stripe 82 / 

9093 targets  

 

-  

Found that the color 

variability doesn’t 

depend on AGN 

parameters(m,M’,z). 

They attributed the 

variability to ephemeral 

hot spots in the 

accretion disc 

Caplar et al. (2016) PTF- iPTF 

telescope / 28000 

targets 

The amplitude of variability is 

inversely correlated with 

bolometric luminosity and no 

correlation with the black hole 

mass 

They found extremely 

steep slope of power 

spectral density going as 

high as -4. 
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2.3 Existing Variability Models   

There are several models of optical variability present in the literature, ranging from causes that are 

intrinsic to the accretion disc, such as disc instability, to extrinsic factors, such as gravitational 

microlensing. Three years after presenting the standard disc model (SS 1973), Shakura and Sunyaev 

(1976)  realized that the standard accretion disc is subject to different types of instability and primary 

among them was the radiation pressure instability. Shakura and Sunyaev (SS 1976) proposed the idea of 

a truncated disc. In their model the entire accretion disc is divided into three distinct zones. The 

innermost zone is the unstable zone where the radiation pressure dominates over the gas pressure; 

whereas the two outer zones are relatively stable . Janiuk and Misra (2012) postulated that this type of 

radiation pressure instability would quickly develop in an AGN if its accretion rate is more than  5% of its 

Eddington rate (which is the maximum accretion rate that a black home of mass M is allowed to have)  . 

The second source of disc instability is the presence of charged plasma in a Keplerian rotation. As was 

discussed in chapter 1, this type of magneto-rotational instability in the accretion disc would cause the 

viscosity and thereby the accretion rate/ temperature to fluctuate. Dexter and Agol (2011) presented a 

similar inhomogeneous accretion disc model where they introduced independent  temperature 

fluctuations in zones of equal thickness. Although their model was able to explain the inverse 

dependence with luminosity, it failed to explain a fundamental property of the AGN light curve : 

simultaneous variability across all wavelength bands. Kakubo (2015) was the first to point out the 

problem with the model. However, we have also presented a detailed analysis of their model in chapter 

3 and have addressed those shortcomings. P. Sanchez et al. (2018) presented several arguments to 

explain the inverse dependence with luminosity. They proposed that inverse dependence with 

luminosity could be a representation of the age of quasar and that older AGNs suffer from a dwindling 

supply of accreted matter. As a result, they fluctuate more. However, the time it required for the global 

changes in the accretion rate would be thousands of years and therefore cannot explain the year-long 

variability timescale of AGNs. Their second argument was that the optical variability could arise from  X-

ray reprocessing . In Figure 1.3  we showed the structure of the accretion disc. The innermost region 

called corona is a rich source of high energy X-ray photons and these X-ray photons are absorbed and 

reprocessed as optical photon. Since X-rays are highly variable, these variable photon when reprocessed 

would lead to optical variability of the AGNs. However, there is a fundamental problem with this model. 

When the variability amplitude was calculated as a result of reprocessing, it was found that this process 

can account for only a small fraction of the variability amplitude that we observe in optical light curve. It 

is also imperative to mention that X-ray reprocessing can explain the inverse dependence of amplitude 
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of optical variability with luminosity, since X-ray content of AGN varies inversely with bolometric (total) 

luminosity, i.e., a more luminous quasar has a lower concentration of X-ray photons. 

 2.4 SDSS Photometric Measurement  

In this project, we have used the Sloan Digital Sky Survey’s (SDSS) photometric dataset to study the 

optical variability of the AGNs. SDSS is a spectral and multi band photometric observation facility located 

in New Mexico and has been operational since the year 1998. To date, the SDSS has taken photometric 

and spectroscopic measurements of over a billion objects. The photometric observation, which 

measures the intensity of light at a particular time, is done using five different filters namely –‘u’,’g’,’r’,’i’ 

and ’z’ (Figure 2.2 ).The central wavelength for these 5 filters are 351nm , 468 nm, 616 nm748 nm and 

892 nm respectively (The total wavelength range over which a particular filter works is shown in (Figure 

2.2)). The spectroscopic measurements from SDSS telescope yields a flux vs wavelength plot for a given 

object, and can be used to study the emission lines, absorption lines and power law form of flux which 

can be used to constrain several parameters of the ‘standard disc’ model. For AGNs, spectroscopic data 

is an invaluable tool to compute the physical parameters such as the mass of the black hole and the 

accretion rate (or total bolometric luminosity) of a given AGN. Therefore, spectroscopic measurements 

when combined with the multi band photometric data of optical variability provides an indispensable 

tool to study the details of accretion mechanism and constrain parameters of standard disc model                 

 

 
Figure 2.2 Transmittance %  for different filters along with their respective wavelength range. SDSS uses lower case letters to denote filters 
which are different from upper case letters used by other telescope facilities. (Reproduced with permission from Asahi Spectra USA  
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Chapter 3  - Simulating Variable Accretion Disc Emission 
and Description  of Data set  
 

 
 
3.1 Fluctuating Viscosity/Accretion Rate Model  
 
As was detailed in the last chapter, the fundamental cause of AGNs variability is largely undetermined. 

Fluctuation in the viscosity / accretion rate was proposed almost two decades ago by Lyubarskii (1997) 

and offers an interesting solution to understand the X-ray light curve that is coming from the ‘corona’. 

These X-rays vary on a wide range of timescales, which are inconsistent with any flaring events or any 

local instability in the innermost region. Lyubarskii (1997) offered a solution to this problem of the X-ray 

light curves by assuming that the  X-ray variability originates in the accretion disc. He postulated that 

there are fluctuations in the accretion rate and these fluctuations move inwards to modulate the X-ray 

light. The fundamental cause of such perturbations is not well known. However, it was shown by 

JD.Hogg (2016) that randomly varying magnetic fields could give rise to perturbations which  could 

travel inwards, thereby modulating the X-ray light curve. Such types of inward moving perturbations 

would give rise to a situation where the variations in the UV-Optical bands lead the variations in X-rays. 

Several smaller systems, such as stellar mass black holes show this type of lag; however, the situation in 

an AGN is far more complicated. Multi band observations have yielded mixed results: some point 

towards the X-ray leading the UV-Optical band, which is consistent with X- ray reprocessing, while other 

observations point towards the UV-Optical leading the X-rays, which is consistent with the inward 

moving perturbation. H.T.Liu (2008) analyzed several light curves and found that NGC-4151 and NGC-

7469  show a delay which is consistent with X ray reprocessing; However, NGC 5548 and Fairall 9 show  

delays which are consistent with an inward propagating fluctuation. Recently, Jiang et al (2006) did a 

cross correlation analysis of over 250 targets  observed on the ‘Pan-Starrs’ telescope and found that a 

majority of them show signatures of  X ray reprocessing; however, only 4 targets show  a lag consistent 

with inward propagating fluctuations. P. Arevalo (2008) proposed a more unified picture where the 

majority of the variability in the optical part of the light curve is attributed to inward propagating 

fluctuations, with the X- ray reflected optical light curve rising on top of them. Our project is aimed at 

modelling the optical light curve as a consequence of inward moving fluctuation and study its effect in 

different optical bands as the perturbation moves inward. 
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3.2 Description of the Inward Moving Perturbation  

The inward moving perturbation has been studied in great detail by Arevalo (2005) and Ingram (2011). 

However, most of the past work has focused on the accretion disc of stellar black holes. A detailed 

analysis of inward moving perturbations and their effect on the optical light curve of an AGN has not 

been studied in the past in great detail. In this section we will discuss general properties of inward 

moving perturbation. According to this model, the accretion rate 𝑀′(𝑟, 𝑡)  at a particular radius 

fluctuates around the mean accretion rate (𝑀5
[(𝑟, 𝑡))  by a factor of (1+m(r,t))  

    \𝑀5
	(𝑟, 𝑡)] = 𝑀5

[(𝑟, 𝑡)	(1+m(r,t))   (9) 

As this perturbation moves inwards, 𝑀5 (r,t) modulates fluctuations in the adjacent region of the disc, 

therefore fluctuations at the inner radius would consists of its own fluctuation plus a contribution from 

the adjacent region of the disc. As a result of this combination of perturbations, the fluctuations in the 

inner region of the disc (i.e. at smaller radius ) should be higher than in the outer part of the disc. 

Therefore,  amplitude measurement of  two different bands (g and r band in our case) can be used to 

test the radius dependence of fluctuation m. It is important to note that even if the  accretion disc is 

subjected to a uniform perturbation (i.e., m has no r dependence), the shorter wavelength emission 

(which is coming from the hotter, inner region ) will show a higher amplitude of variability than a longer 

wavelength emission because of the radius dependence of temperature (see Equation 8 ); Therefore, a 

statistically significant difference  in amplitude  above the one caused by equal amplitude fluctuation 

can provide a test for radius dependence of m which might arise out of inward moving perturbations. 

 

3.3 The Temperature Distribution and Location of the Flux Generating Zones in 
Accretion Discs  
 
The standard accretion disc model provides a radial (r) dependence of the temperature profile which is 

usually expressed in units of Schwarzschild radius ( r=.
.W

 ). The temperature can be written as ( see 

Equation 8)  

           𝑇 = ^N*+	+5
8𝜋𝜎𝑅𝑠3

a
Q
R (𝑟)−

3
4    
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On substituting the value of constants (G,	𝜎) and expressing the black hole mass in units of 10@ solar 

masses (𝑀@) we can write Equation (8) as  

𝑇 = 6.3 × 10d M +
e

+ef
P
d
(𝑀@))[.6d(𝑟)[.gd)                  (10) 

where, 𝑀5
/  is the maximum accretion rate that a black hole of mass M is allowed to have.  

Since the accretion disc emits as a black body, the spectral flux (F) can be calculated directly from the 

Planck’s function.    

 																																																																𝐹 = 6A	ijk	(l)
m1

∆𝜆 ∫ 	6Aq
1r

st
u

		>
vw
xyz)u

2𝜋𝑟	𝑑𝑟 

 On substituting the temperature profile from the standard disc model (Equation 10), the final 

expression for flux can be written as  

            	

																																		𝐹 = 6A	ijk	(l)
m1

∆𝜆 ∫ 6Aq
1r

st
∗ u

		>

v∗w∗	|}.~t

x∗y∗�.B∗Q}t� �̇
�ḟ

�
}.1t

∗��
�}.1t

)u

2𝜋𝑟	𝑑𝑟                            (11) 

 

We introduce another variable ‘T*’ such that the terms in the exponent of Equation (11) can be written 

as  

        T*= r∗q	

s∗�∗&.N∗u[t^ �̇�ḟ
a
}.1t

∗+��}.1t
                  (12) 

On substituting the values of fundamental constants (k,h and c ) and expressing wavelength (𝜆) in 

nanometers, we can write Equation (12) as 

 

                                   T*= 25 ∗ M +̇
+ḟ
P
)[.6d

∗ 𝑀@
[.6d                                (13) 

 

We have plotted the Flux (normalized with mean) against the radius for different values of wavelengths 

(Figure 3.1 (a)) and for different values of T* parameters (Figure 3.1 (b)).  
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     (a) 

 
                           (b)  
Figure 3.1- Based on equation (11), we have developed a computer simulation to plot  flux as a function of radius for a given AGNs’ accretion 
disc (a) Flux vs radius plot when measured at two different wavelengths- 400 nm and 700 nm for a fixed T* i.e. fixed black hole mass and 
accretion rate , We can infer from the  plot that the shorter wavelength emission is coming from a smaller radius as compared to a longer 
wavelength emissions.(b) In this plot we kept wavelength fixed at 600 nm and varied the T* parameter. We can notice that a higher black hole 
mass or a lower accretion rate system has more emissions coming from shorter radius as compared to a lower black hole mass or a higher 
accretion rate system.  
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3.4 Auto Regressive, AR(1) process  
 
As was discussed in chapter 1, AGNs light curves are stochastic in nature. Therefore, it is imperative to 

model the light curves of AGNs by using a stochastic function. King et al (2004) first introduced the 

notion of Auto Regressive process to map the emission from accretion discs of stellar mass black holes. 

Here we will discuss the properties of an AR (1) process which is a subclass of a more general 

formulation called Auto Regressive (AR) methods. As the name suggests the output in the AR method 

regresses on its previous value, and a stochastic term adds randomness to the signal. An AR process of 

order p (AR(p))  can be written as 2 

     	
																																					𝑋8(𝑝) = ∅u𝑋8)u + ∅6𝑋8)6 … . . +∅�𝑋8)� + 𝑧8                                     (14) 
 
where 𝑧8  is  white noise with a flat power spectrum and a zero mean . In our case we have assumed 𝑧8  

to vary between [-1, +1]. For AR(1) process we set the value of p =1 to obtain the difference equation. 

      	
																																																		𝑋8(1) = ∅u	𝑋8)u + 𝑧8                          (15)  
 
where ∅u is our model parameter which will be constrained based on the slope of the power spectral 
density.  
 

3.4.1 Stationarity of the AR(1) process  

There are some constraints on the model parameter ∅u  that are required to prevent the AR (1) from 

diverging  to infinity as the number of  time steps approaches infinity ( Such processes where the 

fluctuations in the value returns to its mean after a finite number of time steps are called stationary 

processes, in contrast to non- stationary process where the fluctuation keeps on increasing to infinity 

and never returns to the mean).This can be understood by expanding the terms of the AR(1) equation: 

(From now on we are dropping the subscript 1 from the model parameter ∅u  and will call it ∅	 ). 

 

For t=1,   

                                      𝑋u(1) = ∅	𝑋[ + 𝑧u                                                          (16) 

 

 
2 This derivation is adopted from the lecture notes of Dr. Barbara Bogacka  
http://www.maths.qmul.ac.uk/~bb/TimeSeries/TS_Chapter4_5.pdf  
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For t=2 ,                                                       

																																																														𝑋6(1) = ∅	𝑋u + 𝑧6                                                            (17) 

    

On substituting the value of 𝑋u from equation (16) into equation (17), we get   

 	

	𝑋6(1) = ∅	(∅	𝑋[ + 𝑧u) + 𝑧6	

∴ 𝑋6(1) = 		∅6𝑋[ + ∅𝑧u + 𝑧6 

 

 

The  nth term can be written as    

  																									𝑋�(1) = 		∅�𝑋[ +	∑ ∅��)u
[ 𝑧�)u                                     (18) 

We will now calculate the expectation value (< >) of equation (18), knowing that the white noise has a 

mean of 0    

                       < \𝑋�(1)] >=< (		∅�𝑋[) > +< (	∑∅� 𝑧�)u)>                   (19) 

Therefore, to prevent the mean of equation (19) from diverging to infinity, we will set  |∅	|  <1  

(∅ =1 corresponds to a random walk process). 

 

3.4.1 Mean and Variance of the AR(1) process.  

Mean – From equation 9, we can see that the fluctuation in accretion rate M’ can be written as  

																																																																			\𝑀5
	(𝑟, 𝑡)] = 𝑀5

[(𝑟, 𝑡)	(1+m(r,t)) 

where the term 1+ m(r,t)  accounts for the fluctuations in M’. Therefore, we will add a constant ‘1’ to 

the expression of AR (1) 

    	
																																																		𝑋8(1) = 1 +	∅	𝑋8)u + 𝑧8                                                                 (20) 
 
Using the mean operator(< >)  on both side of the Equation (20 ) we get  
 

< [𝑋8(1)] >=< [1] > +< [	∅	𝑋8)u] > +< [𝑧8] > 
 
   
Since ∅	 is a constant, it is not affected by the operator . 𝑧8 has a mean of 0, and  <1>= 1  

           	
																																																		< [𝑋8(1)] >=< [1] > +< 𝐸[			𝑋8)u] > +0                            (22) 
 

The stationarity of the process would restrict < 𝑋8. > (mean of 𝑋8.  )from evolving in time  
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                        < [𝑋8] >=< [𝑋8)u] >	= 𝜌  (say)                                  (23) 

 

Therefore, the mean of the process can be written as  

              𝜌 = u
u)∅	

                                                     (24) 

From Equation (9), we can see that the fluctuation is multiplied with a constant (𝑀5
[) , therefore the 

mean of fluctuation in accretion rate will be   𝜌+5 =
+e

}
u)∅	

 

Variance of AR(1) process  

We again start with the AR(1) equation with a constant term ‘1’ added to it                                                          
                    	
																																																						𝑋8(1) = 1 +	∅	𝑋8)u + 𝑧8                                                             (25) 
We now take the variance operator ‘Var’ on both sides of Equation (25)  

                  	
																																	𝑉𝑎𝑟(𝑋8) = 𝑉𝑎𝑟(1) + 	𝑉𝑎𝑟(∅	𝑋8)u) + 𝑉𝑎𝑟(𝑧8)                                            (26) 
   
Using the property of Variance, Var ∅	= ∅	

6 , Var(1) = 0 and Var (𝑧8)= 𝜎�6,we have 

   𝑉𝑎𝑟(𝑋8) =0 + ∅	
6𝑉𝑎𝑟(𝑋8)u) +	𝜎�6                                                       (27) 

Using the property of stationarity, the total Variance of 𝑋8 won’t evolve in time, therefore  

𝑉𝑎𝑟(𝑋8) = 𝑉𝑎𝑟(𝑋8)u) , The total variance can now be written as   

																																																				𝑉𝑎𝑟(𝑋8) =
O�1

u)∅	
1                                                                                  (28) 

The expression of variance (Equation (28) ) would be helpful while dealing with a radius dependent 

perturbation  

 

3.5 Inserting fluctuating M’ into the Luminosity Function  

To obtain the light curve, we will start with equation 9, which prescribes the fluctuations in the accretion 

rate as  

                    M’= 𝑀[′(1 + 𝑚)  

Where m is the perturbation that is introduced in the disc. The perturbation m is further expressed in 

terms of AR(1) process which is explained in the section 3.4 (Janiuk et al. (2012)).  

    𝑚�= (∅𝑚�)u + 𝑧�)                                                                  (29) 

Where ∅ is our model parameter and determines the amount by which the new value in m will lag on its 

previous value.  On substituting Equation (29) in Equation (9) we can obtain the fluctuation in the 

accretion rate as   
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   M’= 𝑀[′(1 + (∅𝑚�)u + 𝑧�)	)                                                          (30) 

When the perturbation in M’ given by Equation (30)  is introduced in flux expression given Equation (11) 

it  will cause fluctuations in the total flux of the disc.  

 

3.6 Coherent vs Incoherent Amplitude of Perturbation  

 

In chapter 2, we mentioned Dextor and Agol’s inhomogeneous disc model (DA2011) and Kakubo’s 

(2015) counter arguments to that model. In this section we will simulate the independently fluctuating 

disc model, discuss its short comings in explaining the tight inter-band correlation. We will present our 

arguments in support of coherent perturbations in the accretion disc. Dexter and Agol divided the 

entire accretion disc into equally thick zones. These zones were allowed to fluctuate randomly and 

independently with a constant amplitude. The time scale of fluctuation in each zone was assumed to be 

constant and independent of radius (they assumed a time scale of 200 days), DA 2011 claimed their 

model could explain the single band optical variability of AGN. Although, the DA 2011 model was 

successful in explaining several properties of the optical light curve, it failed to explain the simultaneous 

variability in the UV-Optical band and therefore failed to explain the linear relationship between flux 

measurement at two different wavelengths. To demonstrate simultaneous variability across UV-Optical 

bands and tight inter-band correlation we have used two published results from Edelson et al. (2015) 

and Sakata et al. (2010).  From Figure 3.2, we can notice that the UV-Optical light curve varies as a unit 

i.e., if flux increases in one band it will do so in all other bands and therefore a flux-flux plot would yield 

a straight line with almost no (or minute) scatter as is seen in Figure 3.3  
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Figure 3.2 (a) Edelson et al (2015) using the space based Swift observatory, observed the light curve of NGC 5548 in the X-Ray to UV-optical 
region. They found that the UV-optical light curve varies as a unit, which would explain the straight line observed by Sakata et al. (2010) (shown 
in figure 3.3). (Reproduced with permission from R. Edelson and IOP publishing). 
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(a)  

Figure 3.3 Sakata et al. (2010), found a linear relationship in the UV-Optical’s flux-flux plot, a slight distortion from a  linear relationship in V 
band vs I band plot was attributed to contamination by dusty Torus and a linear relationship is again obtained after removing the dust 
contamination ( Reproduced with permission from Takeo Minezaki and IOP publishing). 

 

     Kakubo (2015) measured the scatter in flux-flux plot from DA 2011 model and showed that the 

scatter becomes unrealistically large when more separated band pairs are plotted. To illustrate Kakubo’s 

argument we have simulated the flux-flux plot for different wavelength pairs (Figure 3.4). From the plot 

we can clearly notice that the scatter keeps on increasing when more separate band pairs are used. To 

overcome this problem, we applied a more coherent perturbation in the thermal emission of the disc, 

which would naturally yield a linear relationship in the flux-flux plot of two band pairs. Recently Cai et al. 

(2018) proposed a similar mechanism to explain the simultaneous variability in UV-Optical region.  
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Figure 3.4 – We simulated the UV-Optical light curve based on the independent fluctuations prescribed by DA 2011 model.  We can notice the 
scatter in the flux-flux plot and this scatter keeps on increasing as more separate band pairs are plotted. This is contrary to the linear plot obtained 
by Sakata et al. (2011)  
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3.7 Power Spectral Density (PSD)  

 
The Power Spectral Density (PSD) is an invaluable tool while dealing with stochastic processes.  For a 

stationary stochastic process, the power spectral density is a measure of the power content at different 

frequency levels. As was stated in chapter 1 and chapter 2, the power spectral density has been 

evaluated for both the optical and the X-ray light curves of AGNs and stellar black holes system.  In this 

section we will enlist some general properties of PSD which is relevant to our project.  

• The y- axis represents the variance of the light curve per unit frequency (so the unit on the y- 

axis is (�?=l?�q>)
1

r>=8�
 (our light curve is normalized with the mean, so variance is a unitless 

quantity)), while x- axis represents the frequency measured in Hertz 

• The variance of the light curve within a particular frequency range can be calculated by 

integrating the PSD within that frequency range. Mathematically it can be expressed as  

                                𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒	(𝑓1, 𝑓2) = ∫ 𝑃𝑆𝐷	𝑑𝑓¤6
¤u  

• The light curve of AGNs and stellar black holes follows a power law when the power spectral 

density is converted to a log-log scale 

• Based on the slope of the power spectral density (in log-log plot), a signal can be classified as a 

white noise , flicker noise or a red noise.  

White noise- It has equal power content at all frequency levels, hence the log-log plot of power 

spectral density is flat with slope equals to 0  

Flicker noise – It has more power content at low frequency as compared to high frequency and 

the slope of the log-log plot is -1  

Red noise – The power distribution along the frequency components is similar to that of flicker 

noise but red noise has a steeper slope ranging from -1 to -2     

• As was explained in chapter 1 and chapter 2, AGNs optical light curve has a red noise type power 

distribution. 
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3.8 Constraining ∅ from the Power Spectral Density of the Light Curve 
 

King et al. (2004) were the first to introduce AR(1) process to model the X-ray light curves of stellar mass 

black holes. they used ∅ = 0.5 as their model parameter , Janiuk & Misra used  ∅ = 0.5 to obtain ‘flicker 

noise’ for stellar mass black holes and showed that such type of perturbation in the optically thick region 

of the disc can stabilize the disc from the radiation pressure instability which would have otherwise 

blown up the disc. Since our goal is to compare the total flux of the disc at different wavelengths, we will 

constrain ∅ based on the slope of the power spectral density of the optical light curve.  

 

3.7.1 Non stationary AR(1) process ∅ ≥ 1  

As was shown in section 3.4.1, for the geometric sum of the AR(1) to converge, ⌊∅⌋ < 1 . In the following 

section we have plotted the light curve for ∅ = 1  . The non-stationarity of the process can easily be 

seen in the Figure 3.5. Since such type of perturbations will cause the flux to rise monotonically to 

infinity, it cannot represent the fluctuating light curve of AGNs. 

 

                 
Figure 3.5  Our simulations of the flux vs time plot for AGNs  accretion discs when the model parameter ∅ is 1. We can see a runaway in the 
measurement of flux, and therefore any value of ⌊∅⌋ ≥ 1 is discarded.  
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3.8.2 Stationary AR(1) process  (-1 < ∅ < 0) 

 

Since the stationarity in this process is maintained, it provides a feasible solution and thus in principle   

can be used to generate the optical light curves (Figure 3.5(a)). The power spectrum for this model 

parameter range shows more power at high frequency as compared to low frequency (Figure 3.5(b)). 

When the power spectrum is plotted on a  log- log scale (Figure 3.5(c)) a positive slope is obtained. 

However optical light curves are known to have a negative slope (See Figure 2.1(b)), therefore we will 

discard this region of ∅    

      ∅ = −0.4 

                                   
                                         (a) 

                                       
                     (b) 
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                             (c) 
 
Figure 3.6  (a) Flux vs time plot  for the model parameter ∅ = - 0.4, the flux on y axis has been normalized by dividing it with the mean value of 
flux (b) Power spectral density shows  more power at high frequency as compared to low frequency  (c) Log-Log plot of power spectral density 
shows a power law form with  positive slope which consistent with the fact that more power at high frequency. 
(To prevent the fluctuation from acquiring negative values, we have restricted the white noise between -0.5 and +0.5 for ∅ =-0.4) 
 

 

3.8.3 Stationary AR(1) process   (-1 < ∅ < 0) 

This is again a stationary region and hence can form a valid solution for the optical light curve.  The 

power spectral density is plotted for two different values  ∅= 0.5 (Figure 3.6) and  ∅	= 0.7(Figure 3.7). In 

both these plots we can see a significantly higher power at low frequency and the amplitude dies down 

at higher frequencies.  However, there is a significant difference in slope of the power spectral density. 

The slope of power spectral density is around -0.5 to -1 (Figure 3.7(c))  for ∅ = 0.5 and -1.2 to -2 for ∅ = 

0.7 (Figure 3.6 (c))   which is consistent with observations of AGNs optical light curves (See figure 2.1(b)). 

Henceforth, we will use the model parameter (∅) of 0.7. We note that this value of  ∅ is slightly higher  

than the model parameter assumed by King et al. (2004)   
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                                      ∅=0.5              

 
(a) 

 

 
       (b) 
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     (c) 

 
 Figure 3.7  (a) Flux normalized with mean vs time plot (b) Power spectral density shows more power at lower frequency as compared to high 
frequency, however, for ∅=0.5  there is  still some power at high frequency as compared to which prevents the slope of PSD from dropping too 
steeply  (c) Log Log plot of power spectral density shows negative slope consistent with the fact that more is present power at low  frequency but 
the slope is flatter as compared to the slope obtained for ∅=0.7   
 
      ∅=0.7 
 

                                    
       (a) 
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                  (b) 

 

 

                                 
          (c) 
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     (d) 
Figure 3.8  (a) Flux normalized with mean vs time plot (b) Power spectral density shows more power at lower frequency as compared to high 
frequency c) log-log plot of power spectral density shows negative slope consistent with the fact that more is present power at low  frequency but 
the slope is steeper as compared to slope obtained for  ∅ = 0.5 . It is customary to express the PSD in a broken power law form , where the slope 
is almost flat till a  certain frequency and then falls steeply ( slope of -1.7) 
 

 

3.9 Measuring the Amplitude of AGNs’ Light Curves from Computer Simulations  

The amplitude of variability of the flux  has been defined in several ways, in this project we will stick to 

the definition used by Nandra et al. (1998) which measures the amplitude (A) in terms of standard 

deviation (𝜎) normalized with the mean flux  (𝐹0>?�) of the light curve.   	

𝐴 =
𝜎

𝐹0>?�
 

In Chapter 4, where we will compare the results of our computer simulations with the observed light 

curve, we will use the same formula for amplitude of variability. However, we will subtract standard 

deviation of the uncertainty in the measurement (𝜎©�q>=8?l�l8ª)   

𝐴 =
𝜎 − 𝜎©�q>=8?l�l8ª

𝐹0>?�
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3.10 Measuring the Amplitude of AGNs Light Curve in Different Wavelengths  Assuming Equal 

Perturbation (m). 

 

In Section 3.1 and Section 3.2, we discussed the physics of an inward moving perturbation and how it  

can produce a radius dependent amplitude of perturbation(m) due to combinations of perturbations, To 

test this hypothesis, we will calculate the ratio of the amplitudes of light curves at 470 nm and at 620 

nm assuming no radius dependence of m. We will test the ratio of amplitude of variability between g 

and r bands for different truncation radius. The idea of truncated radius was discussed briefly in Chapter 

2. Several authors including Shakura and Sunyaev (1976), Ingram (2011) and Dexter (2018) have 

discussed the idea of truncated disc. In the truncated disc model, even though the emission in the 

optical band is coming from thousands of Schwarzschild radii, the instability or the perturbation is 

developed only in the innermost hotter region of the disc. Dexter (2018) proposed that the inner, hotter 

region of the truncated disc is relatively thicker as compared to the outer region of the disc and a thick 

disc would allow for a faster transfer of inward moving perturbations. In the simulations that we have 

developed and the calculations shown in Figure 3.9 , we have explored the ratio of amplitude of 

variability for different values of truncation radius. Since there is no direct way to estimate the 

truncation radius, we will do calculations for different value of outer truncated radius. In all of our 

simulations the inner radius is fixed at 6𝑅S , which corresponds to the last stable orbit of the accretion  
                                                                                                                                                                                                                                                                                                   

3.11 Radius Dependent Amplitude of  Perturbation  
 
Since an inward moving perturbation would cause a radius dependent amplitude of perturbation, we 

will explore different ways to introduce a radius dependence in the AR(1) perturbation. In Section 3.4.1 

(Equation (28)) , we have derived the variance of an AR(1) process as 

𝑉𝑎𝑟(𝑋8) =
𝜎�6

1 − ∅	
6 

                                                  
     
From Equation (28), we can see that there are several ways to introduce a radius dependence to 

AR(1).We can change the amplitude of white noise (z), model parameter	∅ or both . To make the 

perturbation dependent on r and preserve the stationarity and redness of the signal we decided to 

change the amplitude of the white noise.  To illustrate this point, we have simulated the light curve and 
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power spectral density by introducing the term c 𝑟)« to Equation 29. Here the term c is added to scale 

the magnitude and b determines the rate at which the perturbation decays.  

Case 1 – In this case the term c 𝑟)«  is multiplied to the entire expression of 𝑚� 

    𝑚�= c 𝑟)« (∅𝑚�)u + 𝑧�)                                                                                   (31) 

In Figure 3.11 (1), we have plotted the light curve and the power spectral density. We can notice that as 

the contribution from large radii is added up the power spectral density quickly flattens into a white 

noise. This happens because the model parameter ∅ decreases with increasing r. Therefore, case 1 is not 

an effective way to introduce a radius dependent amplitude of perturbation 

 
Case 2- The term c 𝑟)«  is multiplied only with the white noise term z, such that 𝑚� is written as  
 
                                    𝑚�= (∅𝑚�)u + c	𝑟)«𝑧�)                                                                   (32) 

In figure 3.11 (2) we have plotted the light curve and power spectral density when the radius dependent 

term is pre multiplied with the white noise only. In this case, the power spectral density is consistent 

with the red noise process. In section 4.3 of Chapter 4 , we will put constrains on the constants c and b. 

 

                                        
 

(1a) 
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                                                    1(b) 

 
                   1(c) 

   
                                          2(a) 
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      2(b) 

 
      2(c) 
    
 
Figure 3.9 We have compared the light curve , power spectral density and slope of power spectral density in log-log plot for the two cases 
described in  this section, ( which only differ  in placement of the radius dependent term  , In figure 1(c) we can see that the slope of the power 
spectral density has decreased to -0.6 while  in case 2 (figure 2(c), we can see that the redness of the signal is still maintained as the slope is 
around -1.3. Hence, we will use case 2 to simulate radius dependent perturbation term in section 4.10 
 
 
3.12 Effect of Redshift  
 
Since quasars are highly red shifted objects, it is important to explore the ratio of amplitude of variability 

in g and r band for different values of redshift . For instance if  a ‘g’ and a ‘r’ band filter is used to probe 

the variability of an AGN  observed at 470 nm and 620 nm, then the actual light emitted would be of a 

shorter wavelength because of the effect of redshift. The rest frame wavelength (		𝜆>00l8>-) can be 

calculated if  
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the redshift (𝑧) is known according to the relation.  

   	
																																																															𝜆>00l8>- =

s®W¯|°¯±	
u²�

                                         (33) 
 
 
 

 
3.13 Getting familiar with SDSS Stripe 82  data 3 
 
 
The Sloan digital sky survey (SDSS) has surveyed the night sky in stripe 82 patch which is a region lying 

between right ascension of 20:00 h to 4:00 h and declination of -1.26  to +1.26 from the year 2000 to 

2008.   The Sloan digital sky survey has 5 photometric filters , three in optical bands ‘u’, ‘g’ and ‘r’ and 

two infrared bands ‘i’ and ‘z’ (see Figure 2.2). The central wavelength of those filters was explained in 

Chapter 2 . The shorter wavelength ‘u’ band  is susceptible to galactic absorption while the longer 

wavelengths i and z bands suffers from contaminations by the dusty torus. Therefore, we chose two 

optical bands of g and r.  

     The total number of AGN targets that are present in the SDSS is over 9000. However, to study the 

relationship between variability and physical parameters of the AGN such as black hole mass and 

accretion rate, we will select only those targets that have a measured spectrum. The spectrum is 

required not only to determine the physical parameters of the AGN but also to calculate the redshifts of 

AGNs. This decreases the total number of available targets to 5295. Moreover SDSS has a total of 60 

epochs over 8 year long observations, with each photometric point separated by almost a month. There 

are some days on which the photometric measurement was taken in a single filter only, therefore we 

have eliminated the entire observation on those particular dates. The calibrated data is usually in the 

form of apparent magnitude vs the time which is measured in terms of modified Julian date. The 

calculations for converting from apparent magnitude to flux is shown in the next section i.e. Section 

3.14. To study the correlation between different AGN parameters and amplitude of variability of the 

optical flux, we are using the Pearson correlation (discussed in Section 3.15). In our data set the range of 

black hole masses is between  10g.6 𝑀S©�	to 10³.& 𝑀S©� , the bolometric luminosity  lies between  

10%%.@d >=´S
S>q

	to 10%g.g >=´S
S>q

, and the redshift (z) is between 0.245 to 4.66 (Figure 3.10) 

 
3 The SDSS data is taken from the webpage http://faculty.washington.edu/ivezic/macleod/qso_dr7/ (Macleod et 
al.(2011) ) 
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     (a) 

 

 

 
     (b).  
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     (c) 
Figure 3.10 We have plotted the histogram of our complete data set. (a) shows the histogram of the black hole mass which is measured in terms 
of the logarithm of the mass in terms of solar masses. (b) shows the histogram of the redshift (which is a unitless quantity) (c) histogram of the 
log of the bolometric luminosity measured in >=´S

S>q
 

 

 

3.14 Apparent Magnitude to Flux  

     The apparent magnitude (𝑚?��?=>�8) of an object is a unitless number that represents how bright an 

object appears to an observer situated at a certain distance (d) from the source. Since our data set has a 

huge range of redshifts, it is imperative to calculate a more fundamental term called absolute 

magnitude (𝑀?«Sµ¶©8>) which measures the brightness of an object when situated at a distance of 10 

parsec. To convert from apparent magnitude (𝑚?��?=>�8) to absolute magnitude (𝑀?«Sµ¶©8>), we need 

to know the distance of the AGN from the observer. This can be done by employing Hubble’s law and 

the knowledge of redshift.  

     The redshift (z) of an object is defined as the ratio of change in wavelength (𝜆µ«S − 𝜆>0l)over the 

original wavelength (𝜆>0l) and it can also be expressed in terms of recession velocity of the source 

(𝑣Sµ©=q>) and speed of light (c) 

 

    𝑧 = s®W)s¯¸¹
s¯¸¹

= �Wº|w¯
q

		(𝑣 ≪ 𝑐)     (34) 
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Once the velocity of recession is known, we can use Hubble’s law to measure the distance (d) of a 

particular AGN.  From Hubble’s law we can write  

                                                                                           
 																																												𝑣Sµ©=q> = 𝐻𝑑                              (35) 
 
where H is the Hubble’s constant 
      
 
Combining Equation 34 and 35 , the distance can be estimated as  

																																																													𝑑 = �	q
½

                           (36) 
 

      
Once the distance is known, we can use the standard equation to convert from 𝑚?��?=>�8 to 𝑀?«Sµ¶©8> 
according to the equation  
 

      𝑀?«Sµ¶©8> = 𝑚?��?=>�8 − 5 ∗ 𝑙𝑜𝑔u[(𝑑) + 5                                 (37) 

 

The absolute  magnitude can also be written in terms of either flux or luminosity according to the 

expression  

                                          	

																																																𝐹	 = 𝐹[ 	∗ 10)[.%∗+Á®WÂºÃ¯                                                               (38) 

 

Where 𝐹[ is the zero point flux of a particular band. Since we are measuring variability in terms of ratio 

of standard deviation and mean of the light curve, we do not need to know the value of 𝐹[ as it will 

cancel out in the calculation. 

 

3.15  Measuring Correlation Between Physical Parameters  

 

To measure the correlation between different data points, we will use the formulation given by Karl 

Pearson in 1880, which is known as the Pearson correlation coefficient (PCC) or Pearson product-

moment correlation coefficient (PPMCC). It is defined as the co variance of two variables over the 

product of their standard deviation. It can be written as – 
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																																																										𝑝Ä,ª =
qµ�(Ä,ª)
OÅ∗OÆ

     (39) 

 

Using the standard definition of the covariance of two variables we can write 𝑝Ä,ª  as 

                                                    𝑝Ä,ª =
/[(Ä)ÇÅ)∗(ª)ÇÆ)]

OÅ∗OÆ
                                                    (40) 

 

        

 

where 𝜇Ä  is the mean of measurement of x, 𝜇ª) is the mean of measurement of y, E is the expectation 

value. When the Pearson correlation coefficient of two variables is calculated, it gives a numerical value 

lying between -1 and +1. A value of +1 implies that the two variables are correlated, while a value of -1 

implies that the two variables are anti correlated. A value of 0 implies no correlation at all. (Figure 3.13) 
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Figure 3.13 – A description of Pearson correlation coefficient along with the relation between the two variables. (Reproduced with permission 
from Ruben Geert van den Berg www.spss-tutorials.com) 
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Chapter 4 – Results  

 
This chapter Is divided into 3 sections. In Section 4.1, we have calculated the amplitude of variability in 

two bands (g and r) from the SDSS Stripe 82 dataset. In Section 4.2, we have analyzed the ratio of 

amplitude of variability in g band vs r bands for different truncation radius. We have also searched for 

correlation between of amplitude of variability in two bands and AGN. We have concluded this 

chapter by presenting a statistical analysis of a radius dependent amplitude of perturbation in 

Section 4.3 

 

4.1 Amplitude of variability in different bands of SDSS stripe 82 data  

 To understand how the perturbation is acting in different regions of the disc, we have chosen to use g 

and r band  photometric data of the SDSS stripe 82 telescope. We have plotted the histogram of the 

amplitude of variability in the g band and the r band. The mean of the amplitude of  variability in the g 

band is 0.12 (or 12 %) (Figure 4.1(a)) vs 0.10 or (10% ) (Figure 4.1(b)) , consistent with the fact that there 

is more variability at shorter wavelength. The third plot (Figure 4.1(c)) shows a correlation between the 

amplitude measured in the g band with the amplitude measured in the r band. The Pearson correlation 

of r= 0.87 indicates that the amplitude of variability in two bands is highly correlated 

                      
(a)  
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(b)  

   

                    
                         (c)  

Figure 4.1 (a) The plot shows the Histogram along with the mean of amplitude of variability for g band (470 nm). The mean, median and 
standard deviation of the amplitude of variability is 0.12, 0.11 and 0.06  (b) The plot shows the Histogram along with mean of amplitude of 
variability  for r band. The mean, median and standard deviation are 0.10, 0.09 and 0.06 (c) The plot shows the correlation between the amplitude 
of variability in the  g and r band. From the plot, we can see that these two parameters are highly correlated  
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4.2  Ratio of Amplitude in Two Bands and its Dependence on AGNs Parameters 

(From SDSS Stripe 82 Data)   

     In our  sample of 5295 AGNs, the ratio of amplitude of variability in the g and the r band was smaller 

than 1 for  a total of 595 AGN targets, while 4700 targets had a ratio greater than 1. The ratio of the  

amplitude of variabity in g band vs the r band was between 0.21 and 6.81, with the mean, median and 

the standard deviation being  1.202 1.1781 and  0.2427 respectively Figure 4.2 (a)   

     We have also calculated the correlation between the ratio of amplitude of variability and physical 

parameters of the AGN. The Pearson correlation yields a value of 0.04, 0.05 and 0.08 with the redshift 

(Figure 4.7 (a)), luminosity (Figure 4.7 (b))  and black hole mass (Figure 4.7 (c))  respectively. This implies 

a poor correlation between ratio of amplitude of variability and physical parameters. 

 

                       

 
 
                  

 
 
 
      (a) 
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       (b) 

                                 
      (c) 

                                   
Figure 4.2 –(a)  Histogram depicting the ratio of amplitude of variability in g band and r band. (b)  A weak positive corelation is obtained 
between the ratio of amplitude of variability and redshift, (c) A weak positive corelation is obtained between the ratio of amplitude of variability 
and luminosity (d) A weak positive corelation is obtained between the ratio of amplitude of variability and black hole mas 
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4.3 Ratio of Amplitude of Variability in g and r Band– A Comparion Between 

Theoretical and Observed Values. 

To make a comparison between the theoretical light curve and observed optical light curve, we have 

divided our total sample of 5295 AGN targets in three groups with  equal number of targets ( say group 

A, group B and group C ). The T* parameters for these AGN targets are calculated using Equation 13 and 

are arranged in increasing order of T * value. Each group (A,B and C) consists of a total of 1765 targets . 

and their property is summarized in Table 4.1.  

 

Table 4.1 Categorizing dataset in three different groups  

Group  Mean T* Mean amplitude of 

varibility g band / r 

band 

Standard deviation of 

the amplitude of 

variability g band /r 

band  

 

             A 

 

 

 

           47 

 

            0.118 / 0.102 

 

 

 

          0.061 / 0.057 

 

            B 

 

            69 

 

            0.126 / 0.107 

 

          0.061 / 0.073 

 

            C 

 

            103 

 

             0.131 / 0.109 

 

           0.065 /  0.056 
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4.3.1 Comparing the amplitude of variability  

 

  We have plotted the ratio of amplitude of variability vs different truncation radius of the disc ( from 

100 𝑅S  to 500 𝑅S ) . The ratio of amplitude of variability ranged from 1.12 to 1.04 for group A, 1.125 to 

1.02 for group B and 1.11 to 1.02 for group C (Figure 4.3). The theoretical value of the ratio of  

amplitude of variability in g band and r band is more than 1 for all the truncation radii. However, the 

amplitude of variability is lower than the mean of the ratio of amplitude of variability observed on SDSS 

stripe 82 data (which is 1.20) as shown in Figure 4.3 (a) 

     There is no tool to estimate the truncation radius of the accretion disc. Several authors in the past 

have used a truncation radius of 500 𝑅S ( Liu et al. (2016),  Cai et al. (2018)), which would reduce the 

ratio of amplitude of variability in two bands to 1.04 for group (A) and 1.02 (for group B and C). To 

increase the ratio of amplitude of variability we will introduce a radius dependent amplitude of 

perturbation in section 4.3.2. 

If the radius is too large, the local perturbation in accretion rate would be similar to global changes in 

accretion rate and our results will match with Schmidt et al. (2012) 
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Figure 4.3  Plot showing the theoretically calculated  ratio of amplitude of variability in g band with r band along with the mean represented by a 
dotted line. For truncation radius of 500 𝑅S , the ratio of amplitude of variability is absymally low. 
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4.3.2 Radius dependent Amplitude of perturbation  

As we showed in the last section 4.3.1, an equal perturbation in accretion rate for different truncated 

radii cannot explain the observed higher amplitude of variability in SDSS stripe 82 data. In this section 

we will explore the radius dependent amplitude of perturbation when is applied to the standard disc 

model. The physics of radius dependent amplitude of perturbation was explained in section 3.11. In our 

calculations the innermost radius is fixed at 6 𝑅S  while the outer radius is fixed at 500 𝑅S .  

     We have assumed that a particular combination of c/b is feasible if the amplitude of variability in 

individual band lies within mean ± 1 𝜎 standard deviation. This means that the feasible range for the 

amplitude of variability in g band /r band is 0.057-0.179/ 0.045-0.159, 0.065-0.187 / 0.034-0.18 and 

0.066 - 0.196 / 0.053 – 0.165 for group A, B and C respectively.  

     For certain combinations of c and b, we are getting imaginary numbers which can be understood 

from Equation 32 ((𝑚�= (∅𝑚�)u + c	𝑟)«𝑧�))) . If the term that is pre-multiplied with 𝑧� is large, the 

value of 𝑚� will become negative since 𝑧� lies between -1 and +1. Therefore, those combinations of c 

and b are also discarded from the feasible solutions. (In our simulation innermost radius starts at 6 𝑅S ) 

     For reference the equal amplitude perturbation produces a ratio of 1.04 ,1.02 and 1.02 in groups A,B 

and C for a truncation radius of 500 𝑅S.   
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Table 4.2  Calculations for radius dependent amplitude of pertubation  

 

c / b  

 (c	𝑟)« ) 

 

       Group A  

Amplitude of 

variability in g band / 

Amlitude of 

variability in r band  

( 
<0�¶l8©->Ê
<0�¶l8©->|

) 

 

       Group B  

Amplitude of 

variability in g band / 

Amlitude of 

variability in r band 

(
<0�¶l8©->Ê
<0�¶l8©->|

) 

 

       Group C 

Amplitude of 

variability in g band / 

Amlitude of 

variability in r band 

(
<0�¶l8©->Ê
<0�¶l8©->|

) 

 

Is the 

amplitude of 

variability 

within 1	𝜎  

standard 

deviation of 

the mean 

 

1/ 0.1 

 

10.65 / 9.88 (1.07) 

 

10.89 / 10.31 (1.05) 

 

13.04 / 12.32 (1.05) 

 

Yes for all 

three groups 

 

1/ 0.2  

 

7.01 / 6.32  (1.10) 

 

7.44 / 6.83 (1.09) 

 

 7.52 / 6.90 (1.09) 

 

Yes for all 

three groups 

 

1 / 0.3 

 

4.26 /3.74  (1.13) 

 

5.09 / 4.53 ( 1.12) 

 

 

     5.73  / 5.09 (1.12) 

 

The amplitude 

of variability is 

below 1 𝜎  

 

2 / 0.1  

(or if c >2 and 

b=0.1) 

 

      Not Allowed  

 

    Not Allowed  

 

     Not Allowed  

 

 

2 / 0.2 

 

14.12 / 12.70 ( 1.11) 

 

15.94 / 14.56 (1.09) 

 

 16.70 / 15.23 (1.09) 

 

 Yes for all 

three groups  
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3 / 0.2  

(or if c >3 and b=0.2) 

 

      Not Allowed  

 

      Not Allowed  

 

      Not Allowed  

 

 

2 / 0.3 

 

8.56 / 7.49 (1.14) 

 

 9.49 / 8.42 (1.12) 

 

 11.18 / 9.97 (1.12) 

 

Yes for all three 

groups 

 

3 / 0.3  

(or if c >3 and b=0.3) 

 

      Not Allowed 

 

      Not Allowed 

 

      Not Allowed 

 

 

2 / 0.4 

 

5.51 / 4.72 (1.16) 

 

 6.61/ 5.71 (1.15) 

 

7.72 / 6.65 (1.16) 

 

Yes for all three 

groups ( though the 

amplitude is at the 

boundary of 1 𝜎  

deviation 

 

3 / 0.4 

 

8.60 / 7.34 (1.17) 

 

10.44 / 8.95 (1.16) 

 

13.01 / 11.17 (1.16) 

 

Yes for all three 

groups 

 

4 / 0.4  

(or if c >4 and b=0.4) 

 

      Not Allowed 

 

      Not Allowed 

 

      Not Allowed 
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   2 / 0.5 

 

3.18 / 2.66 (1.19) 

 

4.25 / 3.57 (1.19) 

 

5.89 / 4.95 (1.18) 

 

The amplitude of 

variability is below  

1 𝜎  

 

       3.5 /0.5 

 

 6.08 / 5.06 (1.20) 

 

8.57 / 7.15 (1.197) 

 

9.82 / 8.20 (1.19) 

 

Yes for all three 

groups 

  

      4 / 0.5 (or if c >4 

and b=0.5) 

 

      Not Allowed 

 

      Not Allowed 

 

      Not Allowed 

 

       

       3.8 / 0.55 

 

 5.84 / 4.82 (1.21) 

 

7.91 / 6.51 (1.21) 

 

9.13 / 7.52 (1.21) 

 

Yes for all three 

groups 

  

 
Figure 4.4 We have replotted the histogram that was shown in Figure 4.2 to demonstrate the total region that we were able to cover by radius 
dependent ampltude of perturbation 
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Conclusions from the table   

• Using a radius dependent  amplitude of perturbation, we were able to raise the ratio of 

amplitude of variability from 1.04 to 1.21   

• While moving across the row, we can see that as the value of T* increases, the 

amplitude of variability in both bands also increases. This is consistent with the past 

observations (Chapter 2), where astronomers have reported a direction relationship 

between amplitude of variability and black hole mass and an inverse relationship of 

amplitude of variability with luminosity.  

• While moving across the row, we do not see any trend emerging between ratio of 

amplitude of variability (written in parenthesis ) and T* parameter (even though the 

amplitude of variability in individual bands are increasing ) which is consistent with the 

poor correlation that we found in Section 4.1 

• We could have used a higher value of the exponent b, to increase the ratio of amplitude 

of variability in two bands, but that would bring down the amplitude of variability (in g 

and r bands) below the mean ±1𝜎 value. 

• In this simulation we have only considered a radius dependent coherent fluctuation in 

accretion rate. As several authors have poited out (Krolik et al. (1991), Arevalo et al. 

(2008)) that an addition 5%-6% variability could arise from X-ray reprocessing . Since X-

rays travel from the corona to the optical thick disc, it could increase the ratio of 

amplitude of variability in two bands ( as well as increase the amplitude of variability in 

individual bands).  
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4.3.3 Dependence of ratio of amplitude of variability with redshift (z)  

 

In Figure 4.2 (b), we found a weak correlation between ratio of amplitude of variability in g and r band 

with the redshift. In our radius dependent amplitude of perturbation model, we do see a positive trend 

emerging between the ratio of amplitude of variability and redshift (Figure 4.5).However, the ratio 

increased by a mere 0.03 points when the redshift increased from z= 0 to z=4. We are not sure how 

strongly this positive trend will show up in the data. But a better trend between the ratio of amplitude 

of variability and the the redshift could be observed if a more widely seperated bands such as 100 nm 

and  600 nm are used. We leave this to future studies that can be done on this topic. 

 

                            

 
 
Figure 4.5– We have plotted the ratio of amplitude of variability vs redshift for T*= 69 and for parameters  b=0.5 and c= 3.5. We do see a 
positive trend emerging with redshift. But the ratio of amplitude of variability increases by a mere 0.03 points when the redshift is increased from 
0 to 4.  
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Chapter 5 – Conclusion and Future Prospects 
 

AGNs optical variability poses a fundamental challenge to our understanding of the accretion 

mechanism. Shakura and Sunyaev’s standard disc model has stood the test of time as several of its 

predictions, such as the presence of the big blue bump, the shape of the spectral energy density as well 

as the size of the accretion disc has been confirmed with an unprecedented accuracy. However, the 

standard accretion disc with its unique ‘𝛼′ prescription predicts a constant flux from an accreting object. 

Lyubarskii’s fluctuating viscosity/accretion rate model offers an interesting solution for the X-ray light 

curve of AGNs and stellar mass black holes. In Lyubarskii’s scheme, the accretion rate at a particular 

radius fluctuates with certain amplitude, as this perturbation moves inwards it causes the accretion rate 

at smaller radii to fluctuate with an increased amplitude (as the fluctuations in inner radius would 

consist of its own fluctuations plus an additional contribution from the outer radius). Nonetheless, the 

inward moving perturbation still remains one of the most poorly understood phenomena. The exact 

cause of such fluctuations is largely undetermined. King et al. (2004) showed that magnetic field only 

has a local effect in the accretion disc and is too fast to drive a radially coherent inward moving 

perturbation. However, Hogg et al. (2016) showed that the magnetic dynamo has a sufficiently low 

frequency to drive a radially inward moving perturbation. This project was an attempt to test the radial 

dependence of the amplitude of perturbation. 

     We started by introducing an AR(1) type perturbation in the thermal black body emission of the 

accretion disc. King et al.(2004) who originally introduced  the idea of  AR(1) process used a model 

parameter (∅) of 0.5. However, to get a significantly ‘redder noise’ we used a higher model parameter 

(∅) of 0.7, thereby maintaining redness as well as the stationarity of the process. To understand if the 

fluctuations in the discs are coherent or incoherent, we explored the  Dexter – Agol (DA 2011) 

incoherent perturbations and discussed its failure in explaining the tight inter band correlation , to 

overcome that problem we introduced a more radially coherent perturbation in the disc. A similar 

mechanism was recently proposed by Cai et al. (2018) to explain the tight inter-band correlation  

       To explore the radius dependence of fluctuations in accretion rate (M’), we first allowed the 

accretion rate to vary with equal amplitudes. We calculated the ratio of amplitudes at 470 nm and 620 

nm which corresponds to the g and r band of SDSS photometric filters. For a truncated radius of 500 𝑅S, 

the ratio of amplitude of variability (between g and r bands) was 1.04 which was much smaller than the 
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mean of the amplitude of variability (which was 1.20). We also checked the sensitivity of the ratio for 

different truncated radius of the disc . Truncation might be required as many researchers have proposed 

that only the  inner region of the disc suffers from instability. It could be that within that truncated disc, 

the fluctuations in accretion rate/ temperature is more coherent which could explain the linear 

relationship between flux-flux plot of two bands. In this project, we have not made any attempt to 

constrain the truncation radius of the disc. However, in future projects one can try to put constrains on 

the truncation radius by measuring the scatter (though minute) from the linear flux-flux plot of two 

widely separated bands (say 100 nm and 600 nm).  

      To increase the ratio of amplitude of variability in g and r band we introduced a radius dependent 

amplitude of perturbation.  We divided our total data set of 5295 targets in three equal groups. Through 

various combinations of the exponents, we were able to increase the ratio of amplitude of variability 

from 1.04 to 1.21 which was above the mean and the median of the light curve. We were not able to 

increase the ratio of amplitude of variability beyond 1.21 as this caused the amplitude of variability in 

individual bands to drop to a very small value. In the radius dependent amplitude of perturbation, we 

also saw an increase in amplitude of variability with the T* parameter which would explain the outcome 

of several past surveys such as inverse dependence of amplitude of variability with the luminosity and 

the direct dependence of amplitude of variability with the black hole mass. We also checked the 

correlation between amplitude of variability in two bands with AGN parameters such as black hole mass, 

luminosity and redshift.  In SDSS stripe 82 dataset, we found a poor correlation between ratio of 

amplitude of variability and all these three parameters. In radius dependent amplitude of perturbation, 

we did not see any trend (see table 4.2) between ratio of amplitude of variability and T* parameter 

(which encompasses black hole mass and accretion rate). Therefore, our model agrees with this poor 

correlation between ratio of amplitude of variability and black hole mass or accretion rate. When 

comparing the ratio of amplitude of variability with redshift, we do see a positive trend between these 

two parameters. However, the rise in amplitude of variability in the computer simulation is still very 

small. A better correlation result could be obtained if we use two widely separated band pairs such as a 

100 nm and 600 nm are used. In this project we have only assumed a fluctuation in accretion rate. 

However, several authors have pointed out that AGNs optical variability could be a result of both X-ray 

reprocessing  as well as  fluctuations in accretion rate. It is imperative to mention that a coherent radius 

dependent perturbation could also be caused by X-ray reprocessing model. To differentiate between an 

inward moving perturbation (where fluctuations move from outer part of the disc to the corona) and an 

X-ray reprocessing (where perturbation moves from the corona to the disc), we do suggest using cross 
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correlation function (a tool to measure lag between two signals) on a large data set of X-ray and UV-

optical light curves. 

     In a couple of years from now, the large synoptic survey (LSST) will be fully operational and will 

provide not only a dense sampling of photometric light curves, but will also add the number of AGN 

targets. Moreover, space based telescopes such as ESA’s GAIA and India’s Astro Sat are continuously 

providing high quality data ranging from X- rays to long wavelength optical light curve which would help 

to get a better understanding of this class of inward moving perturbation and differentiate it from X-ray 

reprocessing 
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Python Codes  
 
Simulating the light curves  
  
 import scipy.integrate as integrate 
import numpy as np 
import matplotlib.pyplot as plt 
from math import e,pi  
from scipy import interpolate 
import statistics  
from scipy import signal 
from scipy.stats import linregress 
import scipy.fftpack 
import matplotlib.pyplot as plt 
tt=[] 
yy=[] 
rr=[] 
q=500  
N=300 
uu=[] 
lum1=[] 
lum3=[] 
output1=np.zeros((q,N),dtype=np.float) 
output3=np.zeros((q,N),dtype=np.float) 
tm=np.zeros((q,N),dtype=np.int) 
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rin=np.zeros(q+1) 
z=np.random.uniform(-1, 1,N) 
y1=np.zeros(N)  
rin[0]=6 
for r in np.arange(0,q):# partitioning the disc into equal thickness zone  
    rin[r+1]= rin[r ]+1  
    a=1 
    t=1  
    for x1 in np.arange (0,N): 
           if(t<N): 
            y1[0]=4 
            y1[t] = 1+(0.7*y1[t-1]+(3/(rin[r]) **0.5)* z[t]) 
            u1=(y1[t])**0.25 
            uu.append(u1) 
            L1= lambda xa1:  (10**10) *(1*pi*xa1/(-1+ 
e**(((xa1)**0.75)*125/(u1*470   ) ))) * (470 )**-5 #10**8 at below 
eddington  
            L3= lambda xa3: (10**10)*(1*pi*xa3/(-1+ e**(((xa3)**0.75)* 125/( 
u1*620) ))) * (620 )**-5 # 10**9  
            flux1,err1 = integrate.quad(L1,rin [r ], rin[r+1]) 
            flux3,err3= integrate.quad(L3,rin [r ]  ,rin[r+1]) 
            lum1.append(flux1) 
            lum3.append(flux3) 
            tm[r,x1]=t         
            output1[r,x1]= flux1 
            output3[r,x1]= flux3 
            yy.append(u1) 
            rr.append(rin[r]) 
            t=t+a; 
final1=sum(output1) 
final3=sum(output3) 
final1 =(np.trim_zeros(final1))  
t1=(np.trim_zeros(tm[0,:])) 
final3 =(np.trim_zeros(final3))  
light1= 100*(np.std(final1))/np.mean(final1)  
light2= 100*(np.std(final3))/np.mean(final3)  



 
 

64 

print('amp in g band ', light1,':amp in r band' ,light2,':ratio -g/r' ,light1/light2 
) 
plt.plot(rr,lum1  ,'g',label='470 nm ') 
plt.show() 
plt.plot(rr ,lum3  ,'r',label='620 nm  ' ) 
plt.xlabel('radius in terms of Schwars. Radius ') 
plt.ylabel('flux normalized with mean ') 
plt.title('flux vs radius for  ') 
plt.legend() 
plt.show() 
plt.plot(t1,final1/np.mean(final1),'g',label='Amp(g)/Amp(r)=1.225 ') 
plt.xlabel('time') 
plt.ylabel('flux normalized with mean ') 
plt.title('Flux vs time for T*=125,c=4,b=0.5 ') 
plt.plot(t1,final3/np.mean(final3),'r') 
plt.legend() 
plt.show() 
freqs1, psd = signal.welch(final3 ) 
plt.plot(freqs1,psd,label='Phi=0.5') 
plt.xlabel('frequency') 
plt.ylabel('psd') 
plt.title('PSD :power spectral density for case 1 ') 
plt.show() 
freqs=np.log(freqs1[1 :]) 
psds=np.log(psd[1 : ]) 
plt.figure(figsize=(5, 4)) 
plt.plot(freqs , psds,label='slope=- 0.4' ) 
plt.title('PSD: power spectral density loglog plot for case 1 ') 
plt.xlabel('log(frequency)') 
plt.ylabel('log(psd)') 
slope,intercept=np.polyfit(freqs,psds,1) 
print(slope,intercept) 
plt.plot(freqs, slope*freqs+intercept,'r' ) 
plt.legend() 
plt.show() 
print(np.mean(final3)) 
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Data set  
 
import pandas as pd 
import numpy as np 
import os 
os.chdir("shrey:\light curves data\QSO_S82") 
os.getcwd() 
px=pd.read_excel('datapoint.xlsx',sheet_name='Sheet1') 
a=px.as_matrix() 
b=["" for x in range(len(a))] 
e=np.zeros((len(a),int(a.size/len(a))+3),dtype=float) 
p=0; 
for i in range(0,len(a)): 
    if(np.isnan(a[i,0])==True): 
        b[i]=(str(int(a[i,1]))) 
    else: 
        b[i]=str(int(a[i,0]))+str(int(a[i,1])) 
    try: 
        c=np.genfromtxt(b[i],delimiter=' ',usecols=range(0,9),dtype=float) 
         
    except: 
        continue 
    else: 
        e[p,0:int(a.size/len(a))]=a[i,0:int(a.size/len(a))] 
         
        k=np.where(c[:,1]==-99.99) 
        c=np.delete(c,k,0) 
        k=np.where(c[:,4]==-99.99) 
        c=np.delete(c,k,0) 
        k=np.where(c[:,7]==-99.99) 
        c=np.delete(c,k,0) 
        L=(4*10**26)*(10**(-.4*(c[:,1]-5*np.log10(a[i,7]*10**9)))) 
        E=(4*10**26)*(10**(-.4*(c[:,2]-5*np.log10(a[i,7]*10**9)))) 
        e[p,int(a.size/len(a))]=(np.std(L))/np.mean(L) 
        L=(4*10**26)*(10**(-.4*(c[:,4]-5*np.log10(a[i,7]*10**9)))) 
        E=(4*10**26)*(10**(-.4*(c[:,5]-5*np.log10(a[i,7]*10**9)))) 
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        e[p,int(a.size/len(a))+1]=(np.std(L))/np.mean(L) 
        L=(4*10**26)*(10**(-.4*(c[:,7]-5*np.log10(a[i,7]*10**9)))) 
        E=(4*10**26)*(10**(-.4*(c[:,8]-5*np.log10(a[i,7]*10**9)))) 
        e[p,int(a.size/len(a))+2]=(np.std(L))/np.mean(L) 
        p=p+1; 
df1=pd.DataFrame(e) 
df1.to_excel("newdatapoints.xlsx") 
 
Analyzing the data  
import pandas as pd  
import matplotlib.pyplot as plt 
import numpy as np 
from scipy import stats 
import scipy 
import os 
px=pd.read_excel('data.xlsx',sheet_name='Sheet1') 
a=px.as_matrix() 
k=1.05; 
c=0;d=0;e=0; 
for i in range( 4885 ,5294): 
    if(a[i,20]<=1): 
        c=c+1 
    elif(a[i,20]>1 and a[i,20]<=k): 
        d=d+1     
    else: 
        e=e+1 
labels='less than 1','between 1 and 1.05','greater than 1.05' 
size=[c,d,e] 
colors='green','blue','red' 
plt.pie(size,labels=labels,colors=colors,autopct='%1.1f%%') 
plt.title('Pie Chart -> total target = 409') 
 
Independent fluctuations  
 
import scipy.integrate as integrate 
import numpy as np 
import matplotlib.pyplot as plt 
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from math import e,pi  
from scipy import interpolate 
import statistics  
from scipy import signal 
from scipy.stats import linregress 
import scipy.fftpack  
import matplotlib.pyplot as plt 
tt=[] 
yy=[] 
rr=[] 
q=50 #no. of zones 
N=200 #time steps 
uu=[] 
lum1=[] 
lum3=[] 
output1=np.zeros((q,N),dtype=np.float) 
output3=np.zeros((q,N),dtype=np.float) 
tm=np.zeros((q,N),dtype=np.int) 
rin=np.zeros(q+1) 
rin[0]=6 #isco 
 
  
for r in np.arange (0,q):# partitioning the disc into equal thickness zone  
    rin[r+1]= rin[r ]+20         #thickness of the disc 
    z=np.random.uniform(-1, 1,N) 
    y1=np.zeros(N)  
    a=1 
    t=1  
    for x1 in np.arange (0,N): 
           if(t<N): 
            y1[0]=3       
            y1[t] = 1+ (1*(0.7*y1[t-1]+ 1* z[t])) 
            u1=(y1[t])**0.25 
            uu.append(u1) 
            L1= lambda xa1:  10**10 *(1*pi*xa1/(-1+ e**(((xa1)**0.75)*50/(u1*100   ) ))) * (100 )**-
5 #10**8 at below eddington  
            L3= lambda xa3: 10**10*(1*pi*xa3/(-1+ e**(((xa3)**0.75)* 50 /( u1*620) ))) * (620 )**-5 
# 10**9  
            flux1,err1 = integrate.quad(L1,rin [r ], rin[r+1]) 
            flux3,err3= integrate.quad(L3,rin [r ]  ,rin[r+1]) 
            lum1.append(flux1) 
            lum3.append(flux3) 
            tm[r,x1]=t         
            output1[r,x1]= flux1 
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            output3[r,x1]= flux3 
            yy.append(u1) 
            rr.append(rin[r]) 
            t=t+a; 
final1=sum(output1) 
final3=sum(output3) 
final1 =(np.trim_zeros(final1))  
t1=(np.trim_zeros(tm[0,:])) 
final3 =(np.trim_zeros(final3))  
light1= 100*(np.std(final1))/np.mean(final1)   
light2= 100*(np.std(final3))/np.mean(final3)   
print('amp in g band ', light1,':amp in r band' ,light2,':ratio -g/r' ,light1/light2 ) 
plt.plot(rr,lum1/np.mean(lum1)  ,'g',label='470 nm ') 
plt.plot(rr ,lum3/np.mean(lum3)  ,'r',label='620 nm  ' ) 
plt.xlabel('radius in terms of Schwars. Radius ') 
plt.ylabel('flux normalized with mean ') 
plt.title('flux vs radius 100 nm vs 600 nm -independent fluctuations ') 
plt.legend() 
plt.show() 
plt.plot(t1,final1/np.mean(final1),'g',label='Amp(g)/Amp(r)=1.30 ') 
plt.xlabel('time') 
plt.ylabel('flux') 
plt.title('T*=100,c=5,b=0.6,thickness=50Rs') 
plt.plot(t1,final3/np.mean(final3),'r') 
plt.legend() 
plt.show() 
plt.scatter(final1[1:300],final3[1:300]) 
plt.xlabel('Flux (arbitrary scaled) at 620 nm ') 
plt.ylabel('Flux (arbitrary scaled) at 100 nm ') 
plt.title(' independent fluctuations,T*=50,thickness=20 Rs, 100 nm vs 620 nm') 
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