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PREFACE

The purpose of this paper is to make a literature 
survey of the concept and methodology of Game Theory and 
its business applications. This writer does not intend 
to discuss the mathematical development of the theories 
and techniques of Game Theory, for they are better left 
to mathematicians. Nevertheless, techniques developed by 
the mathematicians could be of valuable use to business
men in their decision making process.

While there are limited applications og Game Theory 
to business situations today, perhaps its greatest contri
bution so far has been an intangible one: the general 
orientation given to businessmen who are faced with over
complex problems. Even though these problems are not 
strictly solvable in the game theory sense— certainly at 
this moment and probably for the indefinite future— it helps 
to have a framework in which to work on them. The concept 
of strategy, the distinctions among players, the notion of 
matrix representations of the payoffs, the concepts of pure 
and mixed strategies, and so on give valuable orientation 
to businessmen who must think about complicated conflict 
situations.



Introduction

Game Theory is a new discipline that has aroused 
much interest because of its novel mathematical properties 
and its many applications to social, economic, business 
and ?olltical problems. The theory is in a state of active 
development. It has begun to affect the social sciences 
over a broad spectrum. The reason that applications are 
becoming more numerous and are dealing with highly signi
ficant problems encountered by social scientists is due 
to the 1 act that the mathematical structure of the theory 
differs profoundly from previous attempts to provide mathe
matical foundations of social phenomena. These earlier 
efforts' were oriented on the physical sciences and inspired 
k'-' fhs tremendous success these have had over the centuries. 
Yet social phenomena are different: men are acting some
times against each other, sometimes cooperatively with 
each other; they have different degrees of information 
about each other, their aspirations lead them to conflict 
or cooperation. Inanimate nature shows none of these traits. 
Atoms, : olecules, stars may coagulate, collide, and explode 
but they do not fight each other; nor do they collaborate. 
Consequently, it was dubious that the methods and concepts 
developed for the physical sciences would succeed in being 
applied to social and business problems.

Game Theory is to games of strategy what probability 
theory is to games of chance. And just as probability 
theory far transcends its role as the logical basis of 
rational gambling, so does Game Theory transcend its ori
ginal guise as the logical basis of parlor games.1

1. Anatol Rapoport, Two-Person Game Theory, The Essential
Ideas, Ann Arbor,Mich., The University of Michigan Press, 
19667  P* 13•
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Yet the history of game theory is not a replica of 
the history of probability theory. The birth of the latter 
is reckoned from some problems posed by the intellectually 
inclined gambler Chevalier de Mere to the philosopher- 
mathematician Blaise Pascal. Probability theory received 
its original impetus from attempts to solve concrete problems.

This was not the case with game theory. No one came 
to John von Neumann with questions about how to play Chess 
or Poker. Nor do we have any evidence that von Newmann, 
who laid the foundations of game theory pratically single- 
handed, was an outstanding expert in any game of strategy.
Nor is there any more reason to expect such skill from a 
game theoretician than to expect instrumental virtuosity 
from an orchestra conductor or mechanical ingenuity from 
a physicist. Game theory is concerned not with any parti
cular game but with all of them, not with technical but 
with theoretical matters. "What is the best way to play 
Chess?" is not a game-theoretical question. On the other
hand, "Is there a best way to play Chess?" is a game-theo-2retical question.

It may seem at first that the question is a foolish 
one. One might be convinced that of course there is a 
best way to play Chess since there is a hierarchy of Chess 
players. Some players are obviously better than others; 
therefore they must use better ways of playing, and so 
there must be a best way to play Chess.

In response to this line of reasoning, a game theoreti
cian would reply as follows. Yes, there is a best way to 
play Chess, but the supporting arguments just given for 
this conclusion are not valid. It is not true in general 
that if we have a number of quantities clearly comparable

2. Ibid, pp. 13-15.
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with re meet to magnitude, then one of them must be the 
largest. Consider, for example, the sequence of natural 
numbers, 1, 2, 3, etc. Each is larger than the preceding; 
yet there is no greatest natural number. Nor must the 
magnitudes increase without bound so that an ordered set 
of them will have no largest number. Consider, for exam
ple, the set of all real numbers between zero and one, 
exclusive of zero and one. This is an ordered set, because 
of any two such numbers one is definitely the larger. Yet 
the set as defined has neither a smallest nor a largest 
number. To be sure, it is true that although the magnitudes 
of the numbers from zero to one are not increasing without 
bound, the quantity of such number is infinite; and it 
is truexthat if a set ordered by magnitude has only a 
finite number of elements, there must be a smallest and a 
largest. Therefore, the question of whether there is a 
best way to play Chess is related to the question of whe
ther the number of ways to play a game of Chess is finite 
or infinite. This number happens to be finite. But whe
ther it is an ordered set in the sense that it is always 
possible to decide which is the better way of play between 
any two, depends on the principle according to which the 
ordering is made. Finally, it does not follow that if 
there is a best way of playing a game, the player who knows 
it will always win. For the player who plays against him 
may also know a "best way." What happens when both have 
this knowledge is also an open question. In some games 
the victory must go to the one or to the other; in other 
games, if both know a "best way to play," the outcome must 
always be a draw. In still other games, not necessarily 
games of chance as these are usually understood, the out
come will nevertheless depend on chance.



All the matters just touched, upon pertain to the 
theory of games. They are not matters related to any 
specific game; they are matters related to games in general 
The way the questions have been put suggests that games 
can be classified according to the way the questions are 
answered.

Game theory is, accordingly, very largely concerned 
with the classification of games, and in this it has much 
in common with other sciences which at a certain stage of 
their development were concerned mainly with classification

Formal Decision Theory3
The principle according to which game theory clas

sifies games is best understood if game theory is viewed 
as the branch of mathematics concerned with the formal 
aspect of rational decision. The emphasis is on the word 
"formal," which in this context means "devoid of content." 
As has been said, game theory has been hitherto developed 
as a branch of mathematics. Mathematics treats of formal 
relations devoid of content. For example, arithmetic is 
not concerned with apples, sheep, or dollars, but only 
with relations among numbers be they apples, sheep, or 
dollars. Geometry is not concerned with land tracts or 
shapes of objects but only with spatial relationships. 
Similarly a mathematical theory of rational decision is 
concerned not with problem of making wise decisions but 
with the logical structure of problems which arise in 
connection with the necessity of making decisions.

A decision problem is the problem of choosing among 
a set of alternative actions. Clearly such a problem is 
meaningful only if whoever must make the choice has some

3. Ibid, pp. 16-18
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idea of what the consequences of his choice may be. In 
the simplest case, each choice of action leads to a single 
specific consequence, so that the choice of action is 
equivalent to a choice of a consequence among a set of 
consequences. Hence the first condition which must be 
fulfilled if a decision problem is to have meaning is that 
choice have known consequences.

Next, choice is meaningful only if the chooser has 
preferences. Thus the second condition which must be 
fulfilled, if the decision problem is to have meaning, is 
the existence of preferences of the chooser. Again we 
may consider the simplest case in which all the possible 
consequences can be clearly rank ordered, calling the most 
preferred consequences first choice, the next most preferred 
second choice, etc. We have already assumed that in the 
simplest case, each choice of action has exactly one conse
quence, known to the chooser. Therefore the decision 
problem in this case reduces to the problem of assigning 
preference rank orders to the consequences, noting which 
choice leads to the most preferred outcome, and choosing it.

Most decision problems are not so simple. As a rule, 
an action may lead to a number of different outcomes, and 
which one will actually obtain in a given instance is not 
known to the chooser. The structure of the decision pro
blem depends critically on the factors that determine 
which of the possible outcome of an action will actually 
occur. If the actual outcome is determined purely by 
chance, we have a decision problem under risk or uncertain
ty. Probability theory is sometimes a valuable tool in 
such decision problems.

In some cases the outcome of one’s choice of action
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will be determined not by chance but by someone else’s 
choice of action. These situations fall properly within 
the scope of game theory. The classification of games 
is guided by the sort of decision problems that arise in 
the course of a game. Moreover, any situation having the 
abstract (formal) features of a decision problem of the 
same sort that appear in a game can also be called a 
game.

In short, what distinguishes games from nongames 
from the point of view of game theor,v is not the serious
ness or lack of seriousness of a situation, nor the atti
tudes of the participants, nor the nature of the acts and 
of the outcomes, but whether certain choices of actions 
and certain outcomes can be unambiguously defined, 
whether the consequence of joint choices can be precisely 
specified, and whether the choosers have distinct pre
ferences among the outcomes.

It may seem surprising that nothing has yet been said 
about the rules which define a game. Rules are important 
only to the extent that they allow the outcomes resulting 
from the choices of the participants to be unambiguously 
specified. Once these choices have been listed and the 
outcomes resulting from the participants* choices have 
been ordered according to the preference of each parti
cipant, the rules according to which the game is played 
are no longer of any consequence. Any other game with 
possibly quite different rules but leading to the same 
relations among the choices and the outcomes is considered 
equivalent to the game in question. In short, game theory 
is concerned with rules only to the extent that the rules



help define the choices. Otherwise the rules of games 
play no part in game theory.

She Essential Features of a Game4
Game theory is concerned with situations which have 

the following features.
1. There must he at least two players.
2. The game begins by one or more of the players 

making a choice among a number of specified alternatives. 
In ordinary parlance such a choice is called a move. In 
game theory "move" refers rather to the situation in 
which the choice is made, for example, the specification 
of who is to make the choice and what alternatives are 
open to him. Thus the game of Chess begins with a range 
of twenty alternatives open to the player called White.

3« After the choice associated with the first move 
is made, a certain situation results. This situation 
determines who is to make the next choice and also what 
alternatives are open to him. For example, in Chess, the 
players alternate in making their choices regardless of 
the situation. In many card games, however, the player 
to make the next choice is always the player who took 
the last trick. In all games, however, it is clear in 
every situation which player is to make the next choice 
and what alternatives are open. In Chess, after White 
has moved, Black has the same twenty alternatives regard
less of how White has moved. But this is not the case on 
the next move (White’s). For example, if White advanced 
his King’s pawn two squares on his first move, and Black 
responded by advancing his King’s pawn two squares, then 
White cannot advance the King's pawn on his next move.

4. Ibid. pp. 18-21
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Had Black responded in any other way, White would have that 
alternative open.

4. The choices made by the players may or may not 
become known. In Ghess all the choices are known to both 
players. But in a varient of Chess called Kriegspiel none 
of the choices made by one player are made known to the 
other. This circumstance makes this game quite different 
from Chess. Games in which all the choices of all the 
players are known to everyone as soon as they are made are 
called games of perfect of perfect information. Chess, 
Checkers, Go Backgammon, and Tic-Tac-toe are all games of 
perfect information. Most card games are not games of 
perfect information. It is instructive to see why this is 
so. In most card games, the cards are dealt face down, so 
that each player can see only his own hand.Imagine that 
Chance is a fictitious player in such a card game. The 
first move is Chance’s. She is to "choose" between all 
the possible arrangements of the deck. The result of this 
move is unknown to the other players. Thereafter, the 
results of each move ma,y be known to everyone (e.g., if 
the cards are played face up), but Chance’s choice remains 
unknown at least for some time. Therefore such a card 
game is not a game of perfect information. The importance 
of singling out games of perfect information is that in 
such games there is always a "best way to play" which
can be specified without mentioning chance. While in 
other games this is not necessarily always true.

5. If a game is described in terms of successive 
choices, there is a termination rule. Each choice made 
by a player determines a certain situation. For example, 
following each move, the arrangement of the pieces on the



chessboard defines a situation. Certain situations in 
Chess are called "checkmate." When such a situation occurs, 
the game is ended. Many card games end when all cards in 
the deck have been played; a game of Tic-Tac-Toe ends when 
one naughts (or crosses) in a straight line, etc. While 
in common parlance one speaks of the end of a game, in game 
theory one speaks of the end of a play of the game. The 
word "game" is reserved for the totality of rules which 
define it.

6. Every play of a game ends in a certain situation 
(i.e., one of the situations which define the end of a play) 
Each of these situations determines a payoff to each bona 
fide player. A bona fide player is one who (1) makes choice 
and (2) receives payoffs. Thus, although we called Chance 
a player in a card game (because she f'chose" the arrangement 
of the cards), we cannot call her a bona fide player, be
cause she gets no payoffs. In a game, as defined in game 
theory, there must be at least two bona fide players, in 
the sense that each of them makes choices and receives pay
offs .

Solitaire is not a game from the point of view of game 
theory. The player of Solitaire is, to be sure, a bona fide 
player, Decause he both makes choices and receives payoffs 
(at least wins or loses). However, the other player, Chance 
only makes choices (arranging the cards), but receives no 
payoffs. Chance is only a dummy player. Nor can the House 
(if solitaire is played in a gambling establishment) be 
called a bona fide player, because although the House 
receives payoffs, it makes no choices. Playing the slot 
machine is not a game either. Curiously, the slot machine 
can be considered a bona fide player. It makes choices (to
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c>6 sure at random, dut "this does rot matter) and receives 
payoffs. But the person who plays the slot machine only 
receives payoffs. He makes no choices, because the only 
thing he can do in each play of the game is insert a coin 
and pull the lever. Therefore he is not a bona fide player. 
He is only a dummy player.

If the above six criteria are satisfied, we can speak 
of a game. A particular game is defined when choices onen 
to the players in each situation, the situations defining 
the. end of a play, and the payoffs associated with each 
play-terminating situation have been specified.

Players and Persons^
We" shall take a look at Stud Poker, and we shall look 

just long enough to introduce some concepts and terminology 
that will be used. You and four others are sitting there, 
with a deck of cards, some money or other valuables, and an 
agreed—on set of rules that covers all contingencies. The 
rules govern how the cards are to be doled out, who may bet 
and when, how the various hands are to be judged in the 
showdown, and what happens to the pot.

One of the obvious things about this situation is that 
it is a five person game. But this may be more obvious than 
true; for perhaps two of the players formed a coalition, in 
advance of the game, in which they agreed to pool their 
winnings or losses. If they did so, it is reasona.ble to 
suppose that they will play for their common good whenever 
circumstances permit it. Thus if one member of the coali- 
uion believes his partiner has a good chance of winning a 
particular hand, he should take whatever action he can

5. J. D. Williams, The Compleat Stratemyst. New York, N.Y., 
Mcgraw-Hill Book Company, Inc., 1954, pp. 11-14.
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toward the common good. If only three hands are active, 
perhaps he should fold so that the burden of calling falls 
on the outsider, or perhaps he should raise the bet in order 
to increase the pot, even though he knows his cards cannot 
win the hand. In short, the members of the coalition will 
behave as much as a single individual with two heads, as 
they can.

In the case where two players have formed a coalition, 
it is evident that it may be fruitful to consider as a four- 
person, rather than as a five-person, game. Thus we come to 
believe it is significant to count the number of sets of 
opposing interests around the table, rather than the bodies. 
According to this principle, Bridge is classed as a two- 
person game, because there are only two sets of interests 
when the partners are permanent. You will note that the 
words "person" and "player," as we use them, cover legel 
persons and organisations, as well as natural persons.

Again, you may prefer to regard the Poker game as a 
two-person game in which you are one of the players and the 
other four individuals are the other player. If they do not 
look at it the way you do, they will gain no advantage from 
the association you have imagined for them, and you will 
suffer no loss from it; it is as though they constitute a 
coalition with weak internal communications, or some other 
malady which makes it ineffective.

This is one of the fundamental distinctions in Game 
Theory, namely, the number of persons— distinct sets of 
interests— that are present in the game. The form of ana
lysis and the entire character of the situation depend on 
this number. There are three values, for the number of per
sons, which have special significance: one, two, and more- 
than-two.



Solitaire is an example of a one—person "game", for 
your interests are the only ones present. We have already 
proved that solitaire is not a game in the sense of Game 
Theory. One-person "games” are uninteresting, from Game 
Theory point of view, and therefore are not discussed here. 
Their solution is quite straightforward, conceptually: You 
simply select the course of action that yields the most 
ana do it. It there are chance elements, you select the 
action which yields the most on the average, and do it. You 
may complain that we are glossing over an awful of practical 
difficulties; and that’s right.

However, one-person "games" may be regarded as a spe
cial kind of two-person game in which you are one of the 
players and Nature is the other. This may be a useful view
point even it you don't believe that Nature is a malignant 
Being who seeks to undo you. For example, you may not know 
enough about Nature’s habits to select the course which will 
.yield the most on the average. Or it may happen that you 
know the kinds of behavior open to Nature, but know little 
about the frequency with which She uses them. In this case 
Game Theory does have something to say; it will lead you to 
conservative play.

The true two-person game is very interesting. It occurs 
frequently and its solution is often within our present 
means, both conceptual and technological. This is the com
mon conflict situation. You have an opponent who, you must 
assume, is intelligent and trying to undo you. If you choose 
a course of action which appears favorable, he may discover 
your plans and set a trap which capitalizes on the particular 
choice you have made. Many situations which are not strictly 
two—person games may be treated as if they were; the five-men
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Poker game was an example of this, where .you could assign 
the interests present at the table to two "persons," your
self and everybody-not-you. Most of the work done to date 
in Game Theory deals with the two-person game.

When the number of distinct persons, i.e., sets of 
interests, exceeds two, qualitatively new things enter.
The principal new factor is that the identities of the per
sons may change in the course of the game, as temporary 
coalitions are formed and broken; or even certain players 
may form what is in effect a permanent partial coalitation 
in some area of action where they conceive it to be bene
ficial. This could happen in the Poker game and would com
promise our treatment of it as a two-person game, as proposed 
earlier. For example, you might wish to team up with others, 
informally but effectively, to act against a heavy winner; 
you might be movitated by the fear that he would leave the 
game taking most of the cash with him, or you might prefer 
to see more of it in the hands of a weaker player. Our under
standing of games that involve more than two persons— n-person 
games is less complete at present than for two-person games, 
and the subject is rather complicated.

The Payoff6
We have indicated that the number of persons involved 

is one of the important criteria for classifying and studying 
games, "person'1 meaning a distinct set of interests. Another 
criterion has to do with payoff: What happens at the end of 
the game? Say at the end of the hand in Poker? Well, in 
Poker there is usually just an exchange of assets. If there 
are two persons say you (White) and we (Black), then you should 
win $10, we would lose $10. In other words,

6. Ibid, pp. 14-16
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White winnings = Black losses 
or, stated otherwise,

White winnings - Black losses = 0 
We may also write it as

White payoff + Black payoff = $10 - $10 = 0 
by adopting the convention that winnings are positive numbers 
and that losses are negative numbers.

It needn’t have turned just that way; i.e., that the sum 
the payoffs is zero. For instance, if the person who wins 

the pot has to contribute 10 per cent toward the drinks and 
other incidentals, as to the cop on the corner, then the sum 
of the payoffs is not zero; in fact

x White payoff + Black payoff = $g - $io = -$i 
The above two cases illustrate a fundamental distinction among 
games: It is important to know whether or not the sum of the 
payoffs, counting winnings as positive and losses as negative, 
to all players is zero. If it is, the game is known as a 
zero-sum game. If it is not, the game is known as a non—zero- 
sum game. The importance of the distinction is easy to see:
In the zero-sum case, we are dealing with a good, clean, closed 
system; the two players and the valuables are locked in the 
room. It will require a certain effort to specify and to ana
lyze such a game. On the other hand, the non—zero-sum game 
contains all the difficulties of the zero-sum game, plus addi
tional troubles due to the need to incorporate new factors.
This can be appreciated by noting that we can restore the 
situation by adding a fictitious player— Nature again, say, or 
the cop. Then we have

White payoff = $9 
Black payoff = -$10 
Oop payoff = $1
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so now
White payoff + Black payoff + Cop payoff = $9 - $10 + $1

= 0
which is a three-person zero-sum game, of sorts, where the 
third player has some of the characteristics of a millstone 
around the neck. But recall that we don’t like three person 
games so well as we do two-person games, because they con
tain the vagaries of coalitions. So nonzero—sum games offer 
re<s,l difficulties not present in zero-sum games, particularly 
if the latter are two-person games.

7Strategies
Just as the word "person" has a meaning in Game Theory 

somewhat different from everyday usage, the word "strategy" 
does too. This word, as used in its everyday sense, carries 
the connotation of a particularly skillful or adroit plan, 
whereas in Game Theory it designates any complete plan. A 
strategy is a plan so complete that it cannot be upset by 
enemy action or Nature; for everything that the enemy or 
Nature may choose to do, together with a set of possible 
actions for yourself, is just part of the description of the 
strategy.

So "k*16 strategy of Game Theory differs in two important 
respects from the conventional meaning: it must be utterly 
complete, and it may be utterly bad; for nothing is reouired 
o1 It except completeness. Thus, in Poker, all strategies 
must make provision for your being dealt a Royal Flush in 
Spades, and some of them will require that you fold instantly. 
The latter are not very glamorous strategies, but they are 
still strategies— after all, a Bridge player once bid 7 No- 
lrump while holding 13 Spades. In a game which is completely

7. Ibid, pp. 16-17.
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amenable to analysis, we are able— conceptually, if not 
actually— to foresee all eventualities and hence are able 
to catalogue all possible strategies.

We are now able to mention still another criterion 
according to which games may be classified for study, namely, 
the number of strategies available to each player. Thus if 
White and Black are the players, White may have three stra
tegies and Black may have five; this would be called a 
three-by-five game.

When the number of players was discussed, the reader 
will recall that certain numbers— namely one, two, and more- 
than-two (n)— were especially significant. Similarly, there 
are critical values in the number of strategies; and it turns 
out to be important to distinguish two major categories. In 
the first are games in which player having the greatest 
number of strategies still has a finite number; this means 
that he can count them, and finish the task within some time 
limit. The second major category is that which at least one 
player has infinitely many strategies, or, if the word "infi
nitely" disturbs you, in which at least one player has a 
number of strategies which is larger than any definite num
ber you can name.

While infinite games cover many interesting and useful 
applications, the theory of such games is difficult, "diffi
cult" here means that there are at least some problems the 
mathematician doesn’t know how to solve, and further that 
we don’t know how to present any of it within the friendly 
discussion limits of this paper; such games require mathe
matics at the level of the Calculus and beyond— mostly be
yond, Therefore we here resolve to confine our attention to 
finite games.



The Game Matrix^
The players are White and Black. Each has several po

tential strategies which we assume are known; let them be 
numbered just for identification. White’s strategies will 
then bear names, such as White 1, White 2, and so on; perhap 
in a specific case, up to White 9; and black’s might range 
from Black 1 through Black 5. We would call this a nine-by- 
five game. Just to demonstrate that it is possible to have 
nine-Dy-fi.ve game, we shall state one or enough of it to 

make the point. Consider a game played on the road map in 
Figure 1.

Figure 1
The rules require that White travel from W to B, along the 
above system of roads, without returning to W or using the 
same segment twice during the trip. The rules are different 
for Black, who must travel from B to W , always moving toward 
the west. There are nine routes for White and five for Black

*White may visit any of the following sets of road junctions 
b, bac, bacd, ab, ac, acd, dcab, dc, d 

Black may visit
b, ba, ca, cd, d 

C. Ibid, pp. 17-19.



1'he rules must also contain information from which we 
can determine what happens at the end of any play of the 
game: What is the payoff when, say, White uses the strategy 
White 4 and Black uses Black 5? There will be 9 x 5 = 45 
of these pairs and hence that number of possible values for 
the payoff: and these must be known. Whatever the values are 
it is surely possible to arrange the information on the kind 
of bookkeeping form in the Figure 2.

Black
1 2 3 4 5

bueh oi an array of boxes, each containing a payoff number, 
is called, a game matrix. We shall adopt the convention that 
a positive number in the matrix represents a gain for White 
and hence a loss for Black, and vice versa. Thus if two of 
the values in the matrix are 3 and —8, as shown in Figure 2, 
the meaning is: When White uses White and Black uses Black 4, 
White wins 3 units, whereas when White 2 is used vs. Black 2, 
Black wins 8 units.

When the original problem has been brought to this form, 
a Game Theory analysis may begin, for all the relevant informa



tion is represented in the descriptions of the strategies 
whose signatures border the matrix and in the payoff boxes. 
This is the Game theory model of the conflict, and the 
applicability of the subsequent analysis will sepend com
pletely on the adequacy of this form of representation— a 
set of strategies and a payoff matrix.



The Two-Person Zero-Sum Games

The two-person zero-sum games are those games which 
involve two sets of opposing interests and the gain of 
one set of interest is the loss of the other. This type 
of game is most important to businessmen not only because 
they are most well developed mathematically, but also 
because most conflict situation can be made into us and 
them situation just like the division you and four other 
players in the five men Poker game.

Pure and Mixed Strategies^
When the player has a best strategy to use in a game, 

then the player is said to have a pure strategy. When the 
player has no single best strategy to use, he must use a 
best mixture of strategies. Then he is said to have used 
a mixed strategy.

Maximin Principle^
One of the general type strategies which has evolved 

from the analysis of game situations is the "Maximin" prin
ciple. This principle calls for the selection of a strategy 
on the assumption that the competitor chooses the most damag
ing counter strategy. Figure 3 shows that this principle

Black t,Row
1 2 3  Minimum

White 30 10 20
80 -20 0rr1

10
-30

Column
Maximum 80 10 20 

Figure 3

are applied. If 'White(W) adopts strategy Wl, the worst

9. Ibid, p. 38.
10. Ibid, pp. 66-68
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consequences will occur when Black(B) adopts strategy B2; 
the results will "be a payoff of 10 to W. On the other hand, 
if W adopts strategy W2, the worst consequences to W will 
flow when B adopts strategy B3, so the worst payoff to W 
from strategy V/2 will "be minus 30. These consequences are 
shown under the heading, "Row Minimum." After identifing 
the row minima for all alternatives available to him, W 
would then choose the strategy yielding the maximum of 
these minima, 10 (circled), or Wl. W has chosen the maxi
mum of his minimum gain. Hence, the term "Maximin" stra
tegy.

The easiest way to analyze the game matrix in Figure 3 
from B's standpoint is to reverse the decision rule we used 
for W-^to "Choose the smallest of the largest consequence 
flowing from each strategy available to B." This means that 
we seek the maxima for all columns in order to evaluate B ’s 
strategies. A policy of "Maximin" for W becomes "Minimax" 
from B ’s view point. For either player, however, the object
ive is to identify the strategy which leads to the best of 
the worst consequences. If this strategy is adopted, at 
least these minimum results will be obtained, no matter what 
the other nlayer decides to do. We find that in one case the 
figure "10" is both a maximum for the column and a minimum 
for the row. This means that if both W and B follow the 
"Maximin" principle, they will decide on strategies Wl and 
B2, respectively. Since the "best of the worst" is the com
bination Wl and B2 for both players, there will be a stable 
situation— assuming, of course, that each applies the "Maxi
min" principle in making his choice. In Game Theory termi
nology, this means that the example used has a "Saddle point."—  
saddle point is the payoff value in the game matrix which is 
both the row minimum as well as the column maximum.
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Dominance11

Before considering the question of the optimal strategy 
when there is no saddle point, the game matrix is investigated 
for "dominance". In the game matrix in Figure 4, all elements

White

Max

Black
1 2 3  Min
4 4 2
5 -3

C
O

5 4 8
Figure 4

in the first column are as large or larger than the corres
ponding elements in the second column, which indicates that 
strategy B1 is always worse for B than strategy B2. B will 
therefore never take strategy Bl, therefore in principle the 
whole of first column can be omitted:

One column which dominates one or more other columns 
can disappear from the game matrix. Similary: one row which 
is dominated by one or more other rows can be omitted.

For instance in Figure 5, the first row is dominated by

White

Max

1
2

Black
1 2 3  Min

-3 
4

5 4 8
Figure 5

4 S -3 C\J

5 I 4

C
O

the second, i.e., the second decision is always better for

11. B. Van Der Veen, Introduction to the Theory of Operational 
Research, New York, nVY1.', Springer-Verlag New York Inc.
1961, pp. 134-135. »
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W than the first one; therefore the first row can be omitted. 
Then one row with three columns is left; two of the columns 
(the first and the third) are dominant and can therefore be 
left out. One row with one column remains: the table is 
reduced to one number ( = 4 ). By the way, the number, 4, is 
the saddle point-and if dominance occurs in a two-by-two game 
matrix, then there is a saddle point.

Mixed Strategyl2
After investing for dominance the following game matrix 

is what is left of Figure 4

White
2

Figure 6
In this game matrix, the maximum of the minimum game for W is 
2 and the minimum of the maximum for B is 4 . Player W can 
ensure that his gain is at least 2 whilst B can limit W's 
gain to 4 . This is the case ?/hen W choose W1 and B chooses 
B2. If the two players did indeed consistently make this 
choice then W would win 4 each time. If B should know that 
W will make choice W1 then he (B) will employ B3 in order to 
limit his loss to 2. However B cannot continuously use B3, 
because when W realizes what is happening he (W) will choose 
A2 and pick a gain of 8. This would have its dangers for W 
though, because if W has a try for 8 at the same as B employs 
strategy B2, then W loses 3 instead of winning 8. To cut a 
long story short: W does not mind winning a bit more than a 
minimum gain of 2 and B would like a smaller loss than a

12. Ibid, pp, 135-136.

Black 
2 3
4 2

-3

C
O
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maximum of 4• Both try to achieve their aims by playing 
with a mixed strategy. Because neither player wants his 
opponent to know his choice beforehand, it is left to fate 
to decide (for instance by using a roulette wheel).

Suppose W selects strategies W1 and W2 with probabilities 
x and 1 - x respectively, while B selects strategies B2 and 
B3 with probabilities y and 1 - y. The expected gain for 
w (= expected loss for B, designated by the letter E) is then 

E = 4xy + 2x(l - y) - 3(1 - x)y + 8(1 - x)(1 - y) =
= 13xy - lly - 6x + 8,

which the players can write as
E = 13(x - 11/13)(y - 6/13) + 38/13, (1)

beeausex in this form it shows them the optimal strategy 
at a glance. If W chooses an x equal to 11/13 then his 
expected gain, independent of B's strategy, is E = 38/13? 
while B can limit his loss to 38/13, independently of W*s 
chosen strategy, by choosing y = 6/13» The strange thing 
is that neither player need worry about the opposition dis
covering his tactics, in fact each can quite happily disclose 
his strategy to his opponent. With every other strategy, 
discovery by the opposition is a definite drawback; for if 
W pi ys non-optimally and B finds this out, then B can choose 
his strategy in such a way that the first term in the right 
hand side of equation (1) becomes negative, which is dis
advantageous to W. On the other hand if B plays non-optimally, 
then W can modify his strategy so that his expected gain 
becomes more than 38/13, which is disadvantageous to B.

Summing up we could say that the optimal is a mixture 
of the original (pure) strategies. W chooses strategies 1 
and 2 with probabilities 11/13 and 2/13 respectively, while 
B chooses strategies 2 and 3 with probabilities 6/13 and 7/13
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respectively; the value of the game is then 38/13, where 
the value of the game is defined as the expect gain of one 
player or the expect loss of the other, when they both play 
optimally.

In the same way as in equation (1) we could deduce 
that if the two-by-two game matrix

White 2

has no saddle point then W plays optimally if he chooses 
strategy 1 and 2 with probabilities x and 1 - x respectively, 
where the relationship between these two probabilities equals

x / ( l - x ) = ( d - c ) / ( a - b ) .  (2)
Similarly for B (strategy 1 with probability y):

y/(l - y) = (d - b )/(a - c). (3)

Graphical Method For 2-by-M Games-*-3
Gaines for which the game matrix consists of 2 rows and 

M columns (or vice versa) can quite simply be graphically 
reduced to two-by two games. As an example we game the 
following figure;

Black
1 2 3 4 5 6 7 8

’White ^2

Because of dominance, strategies 1, 3, 4, 7 and 8 are not

13. Ibid, pp. 137-139.

4 -3 6 0 8 -1 4 5
5 6 2 7 -10 -3 1 4

Figure 8

Black 
1 2
a b
c d
Figure 7
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considered by B. B is therefore left with a choice between 
2, 5, and 6.

Suppose W selects strategies 1 and 2 with probabilities 
x and 1 - x respectively. We can then draw a two-dimensional 
diagram by writing the values of x(0$x<l) along the horizontal 
axis and the expected gain for W, E, along the vertical axis. 
In this diagram lines can be draw which represent given 
strategies on B's part: see Figure 9»

8 
6 
4
2 

0
- 2

-4 
—6 
-8

-10
x=0 x=l

Figure 9
For example, the line for B’s strategy 5 goes through points 
(x = 0, E = -10) and (x = 1, E = 8). If W chooses x = 0.6 
then his expected gain (if B sticks to strategy 5) is :
E = 0.6x8 + 0.4x(-10) = 0.8.

The lowest line on the diagram for a given abscissa 
indicates the least W can expect if he chooses the correspond
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ing x; if, for instance, he has x = 0.6 then he receives 
his lowest gain when B chooses strategy B6. As W wishes to 
have his minimum gain as high as possible he looks for the 
x corresponding to the highest point on the lines forming 
the lower boundary. This point, shown as Max-Min, is the 
intersection of strategy lines 2 and 6 of B. This teaches 
us that in fact B can now only choose between these two 
strategies, because every strategy automatically means a 
greater loss for him if W operates with the mixed strategy 
corresponding to Max-Min point. The game matrix is there
fore reduced to a two-by two matrix. Off the Figure 9 we 
can read: x = 0.82; the corresponding value of the game is 
-1.4.

The latter can of course also be calculated as done 
previously. As only strategies B2 and B6 remain of any 
importance to B, game matrix in Figure 8 can be reduced to

Black
2 6

White 1 ¡-3 r
2 1 6 1. -3..

Figure 10
from which, making use of equation (2) and (3), it follows 
immediately that

x/(l - x) = 9/2, so that x = 9/11, 1 - x = 2/11, 
y/(l - y) = 2/9, so that y = 2/11, 1 - y *= 9/11.

The value of the game is E = -15/11.

Linear Programming
When we are faced with the problem of solving a 2-person, 

finite, zero-sum game, we will (1) search for a saddle point,
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(2) use the concept of dominance to reduce the size of the 
game, (3) For two-by-m games, use a graphical method to 
reduce to a two-by-two game, (4) for two-by-two game, use 
equation (2) and (3), and (5) if all else fails, use a linear 
programming algorithm. Every 2-person, finite, zero-sum 
can be solved by using linear programming and simplex. It 
is beyond the scope of this paper to prove this and to dis
cuss linear programming and simplex method. However, the
interested reader should look these up in "Theory of Gaines"1/by Mr. Ewald Burger. H

14. Ewald Burger, The Theory of Games. Englewood Cliffs, N.J., 
Prentice-Hall, "Inc., 1963, PP. 5T-131.



Two Person, Nonzero—Sum« Noncooperative Games'^

It is not possible for players in a zero-sum game 
to achieve mutual benefit by any form of cooperation.
Such mutual gain by cooperation is often possible in non
zero-sum games. Conflicts in the economic spheres can 
be abstracted realistically into game form only if their 
nonzero-sum nature is acknowledged.

The distinction between cooperative and noncoopera— 
tive games is based on the presence or absence of pre-play 
communication. In the former case, players have complete 
freedom of pre-play communication to make binding agree
ments. In the latter instance absolutely no pre-play 
communication is permitted between the players.

A pair of strategies, one from each player, is said 
to oe in equilibrium when there is no other strategy which 
would be better for each player than the pair in equilibrium. 
-Sach strategy which is in the pair in equilibrium is called 
eouilibrium strategy. The maximin strategy and minimax 
strategy are equilibrium strategies in a two-person zero- 
sum game.

The concept of equilibrium is different in the non- 
cooperative game from the zero-sum game. A strategy is said 
to be in equilibrium in a noncooperative game if it is best 
against the other strategy in the same pair. Thus, a pair 
of strategies, W1 and B2, is in equilibrium if W1 is best 
against B1 and B2 is best against W2. This is a different 
interpretation of equilibrium than we found in the zero- 
sum game. In the zero-sum game, the best (maximin) strategy 
of the first player was best against any strategy of the

15- R. Duncan luce and Howard Raiffa, Games and Decisions.
New York, John Wiley & Sons, Inc. ,“Ty'b7, pp. 68-113.
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second player. Likewise, the second player's best (minimax) 
strategy was best against any strategy of the first player. 
The two-person zero-sum equilibrium arises naturally as 
the consequence of two all-knowing, completely rational 
players ably pursuing their separate and conflicting inte
rests. Unfortunately, equilibrium strategies in noncooper
ative games are generally not maximin and minimax strategies. 
Furthermore, the maximin and minimax strategies are general
ly not equilibrium strategies. These facts complicate defin
ing "solutions" to such games.

To clarify, we present the following game, known in the
1 filiterature as the "battle of the sexes." W e  have the payoff 

matrix
Woman (7/) 
1

Man(M ) 1
2

( 2 ,  1 ) * ( - 1 ,  - 1 )

T H 1 H ( 1 .  2 )

of 1 to woman.
Figure 11

Clearly, (Ml, Wl) and (M2, W2) are equilibrium strategies 
and (Ml, 7/2) and (M2, Wl) are not.

Describing the game, we say that the two players are 
a man and a woman. Each has two choices for an evening of 
entertainment. The man's strategies are Ml and M2 and the 
woman’s Wl and W2, where the scripts 1 and 2 are respectively 
a prize fight and a ballet. If they both choose the prize 
fight (Ml, Wl) the payoff is (2, 1) and if they both happen 
to choose the ballet (M2, W2) the payoff is (1, 2), where the 
first quantity in the payoff in each case is for man and

16. Ibid, pp. 90-91.
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the second for the woman. It is clear that they both prefer 
an evening together, be it at the prize fight or the ballet, 
to an evening apart.

If this game is only played once, convincing arguments 
can be given support the likelihood of any resulting outcomes 
(Ml, Wl), (Ml, W2), (M2, Wl), or (M2, W2).L̂ Since pre-play 
communication is not permitted, the players cannot make a 
tacit agreement to play at all times (Ml, Wl) or (M2, W2).
The maximin strategy for man is the use of 2/5 of Ml and 
3/5 of M2 with E = 1/5. This can be calculated by using equa
tion (2 ) and payoff value to man. Similarly, the minimax 
strategy for woman is the use of 3/5 of Wl and 2/5 of W2 and
also has E = 1/5. But for reasons we shall not elaborate on

18here, these strategies are not ea_uilibrium strategies.
If the players were permitted to play not once, but 

repeatedly, one can postulate a reasonable series of outcomes 
that involves only equilibrium pairs. After a few plays of 
the game, we think it reasonable that players would develop 
a patterned behavior resulting alternately in (Ml, Wl) and 
(M2, W2). In this case the payoff for player is (1/2)2 +
(1/2)1 = 3/2. This result cannot be arrived at by each player 
independently randomizing his behavior. It can only be achieved 
through informal communication and correlated behavior.

The perplexing nature of two-person and nonzero-sum, 
noncooperative games is further illustrated by a game known 
as the "Prisoner’s Dilemma." The following interpretation 
is given by Luce and Raiffa:

Two suspects are taken into custody and separated.
The district attorney is certain that they are guilty

17. Ibid, p. 91•
18. Ibid, p. 92.
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of a specific crime, but he does not have adquate 
evidence to convict them at a trial. He points out 
to each prisoner that each has two alternatives: to 
confess to the crime the police are sure they have 
done, or not to confess. If they both do not confess, 
then the district attorney states he will book them 
on some minor trumped-up charge such as petty larceny 
and illegal possession of a weapon and they will both 
receive minor punishment; if they both confess they 
will be prosecuted, but he will recommend less than 
the most severe sentence; but if one confesses and 
the other does not, then the confessor will receive 
lenient treatment for turning state’s evidence where
as the latter will get "the book" slapped at him.
The payoffs in terms of prison terms are as follows:

Prisoner White
Not Confess

Confess

Prisoner Black
Not Confess Confess
1 year each 10 years for W 

and 3 months for B
3 months for W 
and 10 years for B

8 years each

Figure 12
In numerical terms, the payoffs might be:

White

Black
1 2

(0.9, 0.9) (o, 1 )
(1 , o) (0.1 , 0 .1 )
Figure 13

If Black chooses either B1 or B2, White is better off 
playing W2. The payoff 1(W2, Bl) is greater than 0,9(W1, B1) 
and 0.1(W2, B2) is greater than 0(W1, Bl). The strategy W2 is 
said to dominate W1 in the sense that the first player can 
always get at least from his W2 strategy as much as he can

19. Ibid, p.95
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from his W1 strategy. In the example above, W2 strictly 
dominates W1 in the sense that the payoff from the strategy 
choice B2 is always greater than the payoff of Wl. In the 
similar manner, W2 dominates strictly Bl.

The only equilibrium pair in the prisoner’s dilemma 
is (W2, B2). If the prisoners could enter a binding agree
ment to play (Wl, Bl) each would be better off. But (Wl, Bl) 
is not in equilibrium, which is another way of saying that 
each player has a real motivation to defect from the agree
ment. It is also true that (W2, B2) is the unique maximin 
(minimax) strategy. In the absence of communication, ration
al players will choose W2 and B2 respectively. The dilemma 
in this game is that an alternative preferable to both players, 
namely (Wl, Bl) is available but will not be chosen because 
rational players pursuing their own ends will choose the 
less desirable alternative (W2, B2).

There are social and economic games that possess environ
mental characteristics akin to the prisoner’s dilemma. Some 
argue that one role of governments is to change the rules of 
those games that leads to socially undesirable outcomes when 
players are allowed to pursue their own ends.



Two-Person Cooperative Games20

The cooperative game differs from the noncooperative 
game and zero-sum game in the following important ways:

1 * All pre—play messages formulated by one player are 
transmitted without distortion to the other player.

2. All agreements are binding and are enforceble by 
the rules of the game.

3. A player's evaluation of the outcomes of the game 
is not disturbed by the pre-play communications.

Many game theorists believe that if such problems as 
duopoly, collective bargaining, and trade regulation between 
countries can be treated as games at all, it will have to be 
in the cooperative context. Even if such problems cannot be 
given a realistic formal analysis, it might still be true 
that the cooperative game theoretic model will produce use
ful insights into the strategic aspects of such problems.

It will be recalled that in the "battle of sexes," the
game matrix was

Woman
1 2

(2, 1 ) (-1, -1 )
(~1, -1 ) (1, 2 )

Figure 14
and that in the noncooperative game, any of the four outcomes 
above is plausible. But if pre-play communication is poesibì 
tne players can alternate their strategic choices in such a 
way that (Ml, W1) and (M2, W2) are each played half the time 
and each player receives an average payoff of 3/2 .

20. Ibid, pp. 1 1 4 -1 5 4 .
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Von Newmann and Morgenstern propose a solution for 
cooperative games in which negotiation between players 
occupies a prominent role. In figure 15, we present the

PLRNER vj‘5 PftVDFF

Figure 15
region of some game. The region R contains all the payoffs 
available to both players. A point (u,v) of R is said to 
be jointly dominated by another point (u*,v') of R if both 
u' u and v* v. The players need not consider any point of 
R which is joihtly dominated by another point of R. Rational 
players will limit their attention to the jointly undominated 
outcome. In Figure 15, this is the darkened line a, b, c, d 
of R. These jointly undominated outcomes are called the 
jointly maximal set of R. The knowledge assumption of the 
game is that the set R and the jointly maximal set are known 
to both players. Hidden strategies or "bluffing" are not 
permitted. Player W prefers the point d most and player B 
prefers the point a most. Their preferences are opposing and 
it is unrealistic to assume that either will get his most
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preferred point.
In the noncooperative game, let us assume that maximin 

strategies of each would yield the outcomes vl and v2 res
pectively. It is unreasonable to assume that either player 
would accept less than his maximin value. But by cooperation, 
it is possible for each to do better than the maximin value. 
There are points in R which are preferred to vl and v2. The 
exact "cooperative solution" is not deterministic in charac
ter but is to be determined by negotiation. Accordingly, the 
points of the jointly maximal set of R, those points which 
yield each player at least as much as he can obtain by inde
pendently playing his maximin strategy, form what is referred 
to as the negotiation set of the game. In figure 15, the 
negotiation set is ithe part of the darkened line e, b, c, f.

Von Neumann and Morgenstern believe that precise outcome 
of the negotiation depends on certain of the players’ psycho
logical aspects which are relevant in the bargaining context. 
Other writers have argued that one would also have to consider 
the relative bargaining ability of the players to determine 
possible outcomes. The actual outcome might be influenced by 
the ability of one player to use threats in order to accom
plish more favorable outcomes for himself. Indeed, the actual 
outcome need not be in the negotiation set. Ironically, pre
play communication can give rise to less favorable outcomes 
than would prevail in the non cooperative game. Consider the 
following cooperative game in which two players with identical 
resources are confronted with a set of outcomes.

Black

(0, 200) (200, 0)
(-5, -300) (-50, -400)

White 1
2

Figure 16
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In the noncooperative game W1 dominates W2 and B1 dominates 
B2. Thus, the pair (Wl, Bl) which yields (0, 200) is the 
solution. In the cooperative game, White can demand the pay
off (200, 0) by threatening to take W2 if Black resists his 
demand. Black’s threat to use B2 is not as plausible because 
it hurts him more than it does White, but it cannot be ruled 
out. Black might be sufficently angered by the demand and 
threat of White to pursue such a course of action. Under such 
conditions any outcome is possible including (-50, -400), 
whereas in the noncooperative game the preferable outcome 
(0 , 200) would result.

One approach to cooperative games which seeks to avoid 
outcomes such as those we have just discussed is to solve such 
games by arbitration. Both players submit their conflict to 
an impartial arbitrator who resolves the conflict by suggest
ing a solution. The aim of arbitration schemes is to associate 
a single outcome with which each conflict of interest. The 
rules for establishing an arbitration scheme require rigorous 
mathematical presentation. Accordingly we shall not discuss

21them in any detail. Briefly, the arbitration scheme require:
1. The arbitrated solution of a two-person nonstrictly 

competitive (nonzero-sun) game should give each 
player as much as he could be expected to gain if 
he played noncooperatively, and there should not be 
any’other feasible payoff to the solution preferred 
by both players.

2. The abitrated solution should not depend upon the 
particular ultility units (payoff) used in abstract
ing the problem into a formal framework.

3. The abitration scheme should be egalitarian in the 
sense that it is independent of the names or labels 
of the individuals in the conflict.

4. If two games are close to each other in some strategic 
sense, the arbitrated solutions should also be close.

21. Ibid, p. 143.



38

In other words, slight errors in measurement should 
not drastically alter the arbitrated solution.

5 . The arbitrated solution should reflect the threat 
capacities of the players.

There is no uniformally accepted "best" arbitration 
scheme. All schemes presented to date fail to satisfy some 
reasonable requirement, at least in special cases. That is 
one can concoct examples for any such scheme in which the 
arbitrated solution does not satisfy some reasonable and plausi
ble conditions.

22. Ibid, pp. 125-154.



N-Person Games23

As we have mentioned before, when the number of players 
is more-than-two, the theory becomes much more complicated, 
both conceptually and computationally. When the number of 
players exceeds two we speak of N-person games. Most of the 
important conflict situations in economics, business, and the 
social sciences are probably best abstracted into games of 
N-person variety. Among the examples which readily come to 
mind are mutinational trade agreements such as the Common 
Market: cartel agreements: competition within industries such 
as the automobile, steel, and electrical equipment industries: 
interpersonal conflict involving groups; and so forth.

in many respects the theory of N-person games and the 
theory of two-person games are distinct theories. Expanding 
the number of players to more than two introduces the possi
bility of coalitions of players acting in consort, and injects 
the concept of majorities, neither of which exist in the two- 
person game. Other concepts new to the N-person theory are 
side payments, imputation, and characteristic function.

There is a theoritical structure for N-person constant- 
sum games, noncooperative games and cooperative games. We 
shall not develop the theory for each of these game structures 
in detail as we did for the two-person game, for a full discus 
sion of each would require a separate treatise.^Rather we 
shall limit our discussion to defining the concepts above 
mentioned and trying to present some insight into the quali
tative differences between the two-person and N-person theorie 
We shall also discuss the meaning of solutions in the N-person 
context.

23. Ibid, Chapter 7-12.
24. Ibid, Chapter 7-12.
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In the N—person noncooperative game, we encounter some 
of the same difficulties we observed in the two-person case, 
namely the possibility of multiple equilibrium positions.
Each player in an N-person non-cooperative game has at least 
one equilibrium (mixed or pure strategy) point such that if 
each player plays his equilibrium strategy it will be unpro
fitable for any of the players to change strategy. However, 
if one player (or more) aims for one equilibrium point and 
at least one other aims for a different equilibrium point, 
they may all end up at a non-equilibrium point.

In N-person cooperative theory, the following concepts 
are of critical importance and contribute to the compexity 
of analyzing the strategic situations.

Side payments. In addition to receiveing the pay
offs prescribed by the rules of the game, the players 
are permitted to make additional transfers called side 
payments.

In some coalitions, it is necessary for one or more mem
bers to choose a strategy that yields less than his nonco
operative maximin payoff it the total return to the coali
tion is to be optimized. To induce such a behavior in a 
rational player a side payment is made to him to elicit his 
cooperation. For example, an inefficient member of a cartel 
might be encourage to shut down his operation so that all the 
output is supplied by his more efficient allies. For his 
cooperation, he receives part of the enhanced payment of his 
coalition members.

Imputation. Any assignment of payoffs to the players 
is called an imputation if it meets two requirements: 
a) each player must receive at least as much as he can 
get for himself when all other players are arrayed 
against him. Otherwise, it is clear he can refuse to 
cooperate.

25- Ibid, p. 169•



b ) the total of all payoffs to all the players 
combined equals the maximum amount they can 
get by forming one grand universal^ coalition 
in which every member is included.26

The players in a game do not necessarily get a payment 
as large as the imputation. The imputation merely tells what 
the players could get if they were perfectly rational. The 
observed behavior of players in a game might very well result 
in strategic choices which yield a smaller total payoff. A 
classic example of this is farmers who could increase their 
income by restricting output, but who fail to do so because 
they are not as rational as the theory of games would have 
them be.

Characteristic function. The characteristic function 
is a rule which tells how much will be paid to the 
members of a coalition in different circumstances.
The von Neumann-Morgenstern approach to this func
tion is to determine lower limits that each coali
tion would receive. The worst that any coalition 
can expect is that payoff which results from all 
other players forming a counter coalition against it.
If the group rationality condition is met, the total 
to the two coalitions will be the maximin of the 
possible values. The game thus becomes a two-person 
constant sum game. By performing this operation for 
each possible combination of coalitions we obtain 
the answer to how much each coalition will be paid 
under different conditions.^7

The conditions specified in N-person theory are often 
violated in real life situations. People and groups are not 
completely rational; the number of coalitions can become 
menacingly numerous even for games involving ten players; and 
the computing ability required by players grows in like manner 
As a result, the observed behavior in N-person conflict

26. William J. Baumol, Economic Theory and Operational Analysis 
Englewood. N.J., Prentice-Hall, Inc'., 1961', p.3'6'b.

2?. Ibid, p. 264*
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situations may depart from the game theoristic solution by 
a wide margin. Moreover, coalitions are not generally stable 
— members defect to other coalitions for larger payoffs. For 
these reasons, we do not currently have a generally acceptable 
theory of N-person behavior. But N-person theory makes an 
important contribution to understanding the strategic choices 
available to players in many real life situations.



In study situations where the actions of your competi
tors) as well as your own determine the payoff to you, where 
you and your competitors may each have several courses of 
action possible with respect to a given problem situation, 
the Theory of Games may offer an approach which a participant 
can use to develop an optimal position.

we will use some examples in the area of capital budget
ing in finance, advertising and price setting in marketing, 
purchasing decisions and bidding to show how the Game Theory 
can be applied in the business.

Capital Bud ret and Game Theory^®
h-ie problem of capital budgeting is one of the most im

portant and least clarified of the top-level issues faced by 
businessmen, just as the technique of Game Theory is one of 
the most intriguing and least understood of the statistical 
devices which have recently been presented to businessmen as 
aids to top-level decision-making. In combination, they offer 
an unusual opportunity to push progress ahead in an area where 
it is needed and at the same time put some realism into a 
methodology whose value- may be overestimated by some at its 
present stage of development.

-±Pj-e °..— forecasts. The whole subject of capital budget
ing is, of course, too big and complicated to be critically 
examined within the scope of one brief paper. But perhaps 
some new light can be thrown on one important problem aspect: 
the relationship that should be obtained between the budget 
and the economic forecast.

It hardly seems necessary to prove that economic fore-

The Applications of The Game Theory

28' Edward G. Bennion, "Capital Budgeting and Game Theory," 
Ilarvarq .Business leview, 34 (November-Deeember 1956), pp. 115-123. ’



casts play a significant— sometimes an almost determining—  
role in shaping the "businessman’s investment decisions.
The traditional explanation is simple.

In order to decide how much a company should invest or 
what knids of assets it should acquire we need a sales fore
cast for the firm to establish its anticipated level of acti
vity. But the firm’s sales forecast cannot be made without 
some estimate of what the industry is going to do. And the 
industry’s sales forecast in turn depends in large measure 
on the predicted level of activity in the economy as a whole. 
Q.E.D.— the capital budget of any individual firm has a uni
que and important relation to the general economic forecast.

Unreliable Guide. If it is obvious that forecasts are 
necessary, it is still more obvious that they are likely to 
be unreliable:

It is impossible to make an economic forecast in which 
full confidence can be placed. No matter what refinements 
of techniques are employed there still remain at least some 
exogenous variables— i.e., variables, such as defense expen
ditures, the error limits of whose predicted values cannot 
be scientifically measured.

It is thus not even possible to say with certainty how 
likely our forecast is to be right. We may be brash enough 
to label a forecast as "most probable," but this implies an 
ability on our part to pin an approximate probability coeffi
cient on a forecast: 1 .0  if it is a virtual certainty, 0 .0 if 
it is next to an impossibility, or some other coefficient 
between these extremes. But, again, since we have no precise 
way of measuring the probability of our exogenous variables 
behaving as we assume them to do, there is no assurance that 
the estimated probability coefficient for our forecast is any
thing like 100 percent correct.



45

In spite of such drawbacks, businessmen are willing 
to pay for having general economic forecasts made, and to 
use them in deciding among alternative investment opportu
nities for capital funds. For example, the more certain is 
prosperity, the wiser it will usually be to invest in new 
plant and equipment, whereas the more certain is depression 
or recession, the safer it looks to invest in government 
bonds or other securities. In other words, the businessman 
uses economic forecasts to assess the relative advantages of 
investing in fixed or liquid assets, in the light of the ex
pected business-cycle phase.

Common Error. At this point, the businessman stands 
beforexus, his economic forecast in one hand, his proposed 
investment alternatives in the other. His next step is the 
one where he is most apt to go wrong. When some one phase of 
the business cycle is forecast as "most probable," it is like
ly logical to him to go ahead and put his funds into which
ever investment alternative maximizes profit in the phase 
expected.

looking at the situation superficially, this step appears 
to be quite sensible. But actually a businessman armed with 
only a single most probable forecast is in no position to 
make a wise investment decision— unless his forecast is 100 
percent correct, and this, as we have seen, is an impossibility.

A Hew Approach. In here, a more rational way to use an 
economic forecast is suggested. Furthermore, adoption of the 
method proposed here permits the businessman to learn the 
answer to another question over which he probably has some 
aleepless nights if he has ever known responsibility for mak
ing a decision on the capital budget. Just how far off can
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the forecast be before it leads to a "wrong" investment 
decision?

Because the fundamentals of this new approach are most 
easily grasped if a specific problem is attacked, let us 
see how it can be applied in concrete cases. We shall 
look first at a simplified hypothetical case, and then at 
a case based on actual experience.

Simplified Case. The first case, although hypothetical, 
is not unrealistic. further, it has the advantage of reduc
ing the problem and method of solution to the simplest pos
sible propertions.

Alternative Investments. The specific issue of whether 
to invest in plant or securities is a good for illustrative 
purposes because it can be defined so sharply. Suppose we 
have even more exact information than most businessmen general
ly assemble before exercising their judgement to reach an 
investment decision. Under these circumstance we might know 
t hat:

The most probable forcast is for a recession.
In recession, investment in plant will yield 

1 percent as compare a 4 percent yield for securi
ties.

In prosperity, plant will yield 17 percent while 
securities will yield 5 percent.
Placing these data in game matrix form, we get the fol

lowing two-by-two game matrix:

Management
Investment
alternatives

Securities
Plant

Cycle-Phàse Alternatives 
Recession Prosperity

4 i %
I / o Ilio

Figure 17
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Under this condition no businessman worth his salt is 
going to settle for securities, but how can he justify any 
other course, given his forecast of a probable recession.

More Data Needed. To begin with our businessman needs 
to recognize that the data so far placed at his disposal, 
rather than limiting his choice, do not provide the basis 
for a decision at all. Two further questions first require 
an answer

1) How probable is the "most probable" forecast? To 
answer this, the forecast needs to be completed by assign
ing a probability coefficient to each cycle phase considered.

2) How probable does a recession have to be before the 
earnings prospects of the more conservative choice look just 
as attrative as the returns available from adopting a bolder 
course of action? In other words, what are the indifference 
probabilities of recession and prosperity, given the rate of 
return each will yield?

Probability Coefficients. Establishing probability co
efficients on the economic forecast is a job we can relin
quish, more than willingly, to the company economist. We 
are not concerned here with what kind of crystal ball he gaze 
into, but rather with how top management uses his findings, 
whatever they may be. So, in order to get on with our problem, 
let us simply suppose that our forecaster thinks the chances 
of recession are 6 out of 10 and so has assigned a probability 
coefficient of 0 .6 to his predictions for a recession (which 
automatically means 0 .4 for prosperity).

Indifference Probabilities. The handling of indifference 
probabilities is not going to be quite so simple, but it can 
be done readily enough by anyone who can recall his high 
school course in algebra:
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Suppose we say, in algebraic terms, that the recession 
probability coefficient = R, and the prosperity probability 
coefficient = P. In that event, we know from our game matrix 
figures that over any period:

4R + 5P = the return on securities 
1R + 17P = the return on plant
Prom, this, it is clear that return on securities will 

be the same as the return on plant when:
4R + 5P = 1R + 17P
Solving this last equation for R in terms of P, we get:
R = 4P
Since the sum of the probability coefficients (R + P) 

has tox equal 1.0, we can say that R = (1 — P) for r in the 
last equation:

1 - P = 4P or 
P = 0.2, and R = 0.8
This merely means that if the probabilities of a rece

ssion and prosperity are 0 .8 and 0.2 respectively, then the 
chances are that the company will be just as well off invest
ing in securities as in plant, and vice versa. In other words, 
it appears to be a matter of indifference which alternative 
is chosen.

Assembling the Data. For the sake of convenience, let 
us reassemble all our information in the compact easy-to-read 
form of a game matrix:

Cycle-Phase Alteratives

Management
Investment
Alternatives

Securities
Plant

Indifference probabilities 
Forecasted probabilities

Figure

Recession Prosperity
4% 5%
1% 17%
0.8% 0.2%
0.6% 0.4%

18
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Here, at last, our businessman has all the information 
he needs to decide what course of action maximizes his chances 
for success. So long as the forecasted probability coeffi
cient for a recession is not equal or greater than the indif
ference probability coefficient for this phase of the business 
cycle, the business man can know that he is not making an 
avoidable mistake by playing for high stakes and building a 
plant. The alternative to choose is the one that has a higher 
forecasted probability than indifference probability.

Advantage Gained. The little outlined above thus does 
two things:

1) It makes clear that the best paying investment in the 
most probable situation is not necessarily the alternative 
that management should choose.I

2) With indifference probabilities, it is possible for 
us to see what margin of error is permissible in any estimat
ed probabilities before these estimates result in an erroneous 
decision.

Vinyl Chloride Chemicals Company Case.29 After developing 
the above mentioned technique, we will use an actual example 
to show how it works. The Vinyl Chloride Chemicals Company 
is already committed to a 100 million pound per year polyvinyl 
chloride capacity. This year the question concerning further 
expansion is under consideration. The company has concluded 
that there will exist an increasingly good market for poly
vinyl chloride through the early sixties. The company feels 
that, in line with its production know-how and favorable com
petitive position, it should continue to grow with this plastic.

The decision to expand demands the answer to two basic

29.William G. Nelson, "Could Game Theory Aid Capital Budgeting?", 
H.A.A. Bulletin (June, 1962), pp. 49-58.



questions. The answer to the second depends upon the answer 
to the first. The first question is: What will be the 
growth rate of the polyvinyl chloride market? The second 
question is: What capacity plant should the company build?

Pertinent Data. Assume that Vinyl Chloride Chemical 
Company, with the aid of pilot plant studies, linear programm
ing, and other costing methods, has narrowed its alternative 
unit capacities to three and has evaluated the rate of return 
under every output possibility, the three proposals are:

1) A 50-million-pound-capacity unit,
2) A 75-million-pound-capacity unit,
3) A 100-million-pound-capacity unit.
The company also decided that there are three possibi

lities for the furture growth in demand for polyvinyl chlo
ride and has quantified these growth possibilities into rates 
of 3, 6 , or 9 percent per year. The forecasters have attach
ed the following probabilities to each of the three growth 
rates:

1) A 30-percent chance that there will be a 3-percent 
growth rate.

2) A 30-percent chance that there will be a 6-percent 
growth rate.

3) A 40-percent chance that there will be a 9-percent 
growth.

As mentioned previously, the costing group of the com
pany has calculated the rate of return on investment for all 
output possibilities for each of the three proposed plants. 
This is done by using a cost-of-constraction estimate prepared 
by the engineering staff. This estimate is divided into the 
anticipated net profit figure. The net profit figure depends 
upon an estimated selling price determined by the market
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research staff. The 5O-million-pound-capacity unit will 
he operating at capacity under each of the three potential 
growth rate and will return 10 percent on investment. The 
75-million-pound-capacity unit will return only 5 percent 
under a 3-percent growth rate but would be producing at 
capacity under either of the other two alternatives and 
would return 12 percent. The 10-million-pound unit would 
just meet costs under the low rate of growth and could return 
only 1 percent at best. Under a 6-percent growth rate, this 
large unit would be closer to capacity and would return 8 
percent. However, if the growth rate turns to be 9 percent, 
this unit returns 15 nercent on invested capital.

Conventional method. Thus, the Vinyl Chloride Chemical 
company has to decide which plant to build using these facts, 
present now in game matrix form:

Annual unit Return at successive
capacities demand growth rates
(millions of Low Medium Highpounds) y f o 6<fo 952

50 10f> 10$ 10$
75 5 12 12

100 1 8 15
Forecast Probabilities:

Low = 0.3 Medium = 0.3 High = 0.4
Figure 19

Inspecting the forecast probabilities, it is apparent 
that the high growth rate is the most probable. In fact, it 
is apparent that the high growth rate is the most probable.
In fact, it is 33 percent more probable than either one of the 
other choices. The 100-million-pound-per-year-capacity unit 
certainly is the most probable choice then appears to be the 
large unit because it returns the most in the most likely
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situation.
This superficially "right" answer turns out to be only 

a rood trap when viewed more exactingly. In fact, by analyz
ing this future planning problem from a Game Theory standpoint,
a completely different, and possibly superior, decision would 
be made.

Game Theory Method. The problem will now be quickly 
transformed into a game and analyzed accordingly.

The economy, with its three alternative strategies (3, 6, 
or 9 percent growth rates), is one player. The Vinyl Chloride 
Chemical Company is the opposing player. The company's alter
native strategies are three unit capacities.

This game will be played only once. The company must 
choose one of the three units and build it. There will not be 
an opportunity to build some other plant, as though the first 
one were never built. The economy, too, can only go through 
the early sixties once. Thus, instead of calculating the odds 
involved in the game, which would give the company the chance 
to maximize its gains over repeated plays, a slight modification 
will be used which is best suited for the one-plav game where 
the opposition's probabilities and comparing them to actual 
probabilities.

The actual probabilities in this type of situation are 
the probabilities of nature providing any particular growth 
rate in a random manner to hold the corporation's gains down

'..inimum. Indifference probabilities are a unique set of
probabilities which describe the situation that exists when 
each course of action is equally attractive, i.e., when it is 
a matter of indifference which course of action is chosen. The 
indifference probabilities can be compared to the actual pro
babilities and the superior choices quickly spotted. For



example, if the indifference probability for a given alterna
tive were greater than the actual one, the player should con
clude that this is not a good choice, because it requires a 
probability greater than the actual one to make this alterna
tive's attractiveness equal to the other choices.

Of course, in this case, the company is the player desir
ing to know the indifference probabilities. The actual proba
bilities are the probabilities of the opposing player making 
any particular play. In this instance these are the forecast 
probabilities of nature choosing a low, medium, or high rate 
of growth.

The indifference probabilities are calculated in the 
following manner, which requires no more than a knowledge of 
simultaneous equations.

Let: L = the 3-percent growth rate probability coefficient 
M = the 6-percent growth rate probability coefficient 
H = the 9-percent growth rate probability coefficient 

By referring back to the summary of the facts, which is 
conviently in game matrix form, an equation can be written for 
the return on each unit. The equation takes the form of a 
continuous function of the first degree, with the low return 
on investment setting the lower limit and the high return setting 
the upper limit. Because this is a continuous function, the 
value for the return on investment may lie anywhere in between. 

Return on 50 M lbs. per year = 10L + 10M + 10H 
Return on 75 M lbs. per year = 5L + 12M + 12H 
Return on 100 M lbs. per year= 1L + 8l + 15H 
Which unit is built will be a matter of indifference when 

the return on each is the same. Mathematically this appears 
as follows:

10L + 10M + 10H = 5L -i- 12M + 12H = 1L + 8M 15H
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The alternatives for the future, of course, must add 
up to 100 percent or, in this mathematical notation, 1 . 
Therefore :

L + M + H = 1
Now three simultaneous equation can be listed which, in 

turn, will lead to a unique solution for each of the three 
unknown probability coefficients. These three equations are:

1) 10L + 10M + 10H = 5L + 12M + 12H
2) 10L + 10M + 10H = IL + 8M + 15H
3) L + M + H =1
À value for L will be found for each equation and this 

will lead to a set of two simultaneous equations with only 
two unknowns. This, in turn, will lead to a numerical value 
for one unknown which, when put back into the other equations, 
will give each indifference probability its unique value.

In this case the values satisfying the equations are:
H = 0.571, M = 0.413, and L = 0.286
The indifference probabilities can be compared to the 

forecast probabilities:
Indifference probabilities:
L = 0.286 M = 0.413 H = 0.571
Forecast probabilities:
L = 0.3 1 = 0.3 H = 0.4
As explained previously, the alternative to choose is 

the one with a forecast probability greater than its indif
ference probability. Immediately the wrong choice is appa
rent. The company should not pick the alternative that 
coincides with the high growth rate. If the high growth rate 
had a 57-percent chance of occurring, the above calculations 
show that, to build according to it, would be a matter of



indifference ( indiff erence probability H = 0.571 = 57<f0).
The forecast shows that H has only a 40-percent chance of 
occurring; that 40-percent is clearly less than 57-percent, 
which is the indifference point. Therefore, the company 
should not build the 100-million-pound-capacity unit. This 
conclusion is diametrically opposed to what originally 
appeared to be the "right" choice.

Two choices still remain and some further figuring will 
clarify their relative worth. These two equations again 
set down.

Return on 50 M lbs. per year = 10L + 10M + 10H 
Return on 75 M lbs. per year = 5L + 12M + 12H 
The percent return on the 50-million-pound-per-year 

unit will be the same as the percent return on the 75-million- 
pound-per-year unit when:

10L + 10M + 10H = 5L + 12M + 12H 
Solving for L, this equation is:
L = 0 .4 ( M + H)
This last equation means that, if the estimated true 

probability of a 3-percent growth rate is greater than 0.4 
times the combined estimated true probabilities of the 6- 
percent and the 9-percent growth rates, the 50-million-pound- 
per-y ear capacity is a better bet than the 75-million-pound- 
per-year capacity. This holds true because the estimated 
probability of a 3-percent growth rate is greater than the 
indifference probability as calculated by taking the various 
unit returns into account.

The forecast probability for a 3-percent growth is 0 .3. 
this figure is slightly larger than

0.4(0.3 + 0.4) = 0.4 x 0.7 = 0.28
Since 0.3 is greater than 0.28, the 50-million-pound-
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per_year-capacity unit is a little wiser choice than the 
next larger one. The 100-million-pound-capacity is a poor 
third.

However, if the probabilities of the three growth rates 
had been changed to L - 0.1, M = 0.1, and H = 0.8, the game 
theory method, as just illustrated, would be in agreement 
with the more conventional methods. All would have picked 
the large plant, to get ready for the high rate of growth. 
Notice that the relative positions of the growth rates did 
not jsut their magnitudes.

The company has maximized its lowest possible gain and 
minimized its highest possible loss at a 10-percent return 
on investment. Rephrasing this, the company now knows it 
will get a 10 percent return, provided the basic facts ori
ginally presented in the game matrix are correct. The firm 
had to give up the chance of gaining a 15 percent rate of 
return, but it also knows it will not be held to a 1 percent 
rate of return. This is in accordance with the "Maximin" 
principle which we have discussed before.

Advertising and The Game Theory.30
Marketing involves competing firms in a conflict situa

tion. When there is a conflict situation, Game Theorj^ comes 
into play. Advertising is one of the most important functions 
in marketing. Game Theory is a specially suitable tool in 
the decision making process in the advertising area. As in 
capital budgeting, we will use a hypothetical example to show 
how the Game Theory is used in the advertising area.

The Background of The Hypothetical Example. White com
pany is a merchandiser of household product in Lincoln and in 
Omaha. Black company provides head-on competition in both

30. Phillip G. Carlson, Quantitative Methods for Managers.
New York, N.Y., Harper"''̂ " "Row', Publishers,' 196T," op. 120-137.
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Lincoln and Omaha. These two cities are more than 50 miles 
apart and White and Black, which are about the same size, 
represent the entire supply for their lines in both cities.

Advertising appears to make an important difference in 
relative sales of White and Black in the two locations. The 
policy of both White and Black has been, and will continue 
to be, to have a single spot radio commercial announcement 
daily (or less frequently) for promotion of the line.

You are the director of advertising for the White Company, 
you are aware that Black’s sales are somewhat better than 
White's in both cities and you have called for a program of 
product improvement. While this is being developed you are 
still faced with the problem of using advertising most effec
tively.

You are somewhat confused over Black's advertising policies 
and their effectiveness. In Lincoln, both White and Black 
have strategies of using a spot announcement every day— except 
for occasional omissions for test purposes. The result is 
that Black's daily sales exceed one-half the total Lincoln sales, 
called hereafter the norm, by $1000. In Omaha the case is 
quite different. Here White advertises daily and Black never 
advertises, and here also Black's daily sales exceed the norm 
by $1000. As noted, you are confused; you wonder how this can 
happen, and moreover, what you can do about it.

Your department initiates advertising, monitors Black's 
advertising as well as White's, and obtains sales reports daily 
for both Lincoln and Omaha. It has been determined that entire 
effect of a spot announcement is felt in the following day's 
sales. At your instigation you department presents you with 
a summary of average daily sales performance for Lincoln and 
Omaha, depending on the advertising of White and Black the
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previous day.
Figure 20 gives performance for Lincoln. The amount in 

each entry is the amount that White’s sales are above the 
norm for the previous day’s advertising situation.

White

Black 
1 2

-1 0 0 0 2 0 0 0

-2 0 0 0 1 0 0 0

Fireue 20
Strategies 1 and 2 mean ’’advertise” and "not advertise"

(the previous day) respectively.
The game matrix says that if both White and Black adver

tise, White's sales are $1000 below the norm. When White 
advertises and Black does not, White’s sales are $2000 above 
the norm. When White does not advertise and Black does, White's 
sales are $2000 below the norm. When neither advertise Black 
pays White $1000 in sales.

The practice in Lincoln is that both White and Black 
advertise everyday with the result that Black's sales are 
$1000 above the norm, as seen in Figure 20.

Figure 21 gives performance for Omaha.
Black 

1 2
2000 -1 0 0 0

-2 0 0 0 1000

Figure 21

The entries in Figure 21 are interpreted in the same way 
as those in Figure 20. As has been noted, in Omaha White adver
tises everyday and B never advertises, the effect being that
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White’s sales are $1000 below the norm.
You observe that the two game matrix are quite different. 

You accept that they do represent properly the situations at 
Lincoln and Omaha, but you no longer accept that premise that 
advertising daily is the most effective policy.

The Decision. The decision is whether to advertise.
The decision must be made daily for the next day. It is 
pointed out that this same kind of decision must be made by 
both White and Black.

The Cost and Revenues. The only cost involved is the 
cost of advertising. This cost— for any policy—  is assumed 
to be relatively small and will be ignored.

The revenues of interest are the entries in Figures 20 
and Figure 21. The payoff values are the sales of White 
above or below the norm.

The Approach. With the information in Figures 20 and 
21 you feel that there is a basis for analysis of the situa
tions in Lincoln and Omaha. You could use the technique 
which was developed previously to solve these two-person 
zero-sum games.

Lincoln. From Figure 20, we can see that the game matrix 
has a saddle with payoff value of -$1000, because -1000 is the 
minimum of its row and maximum of its column. Therefore,
White will use Wl and Black will use Bl. Note that no matter 
White does, if Black plays Bl, he will do no worse than pay 
White -$1000 in sales. Also, no matter what Black does, if 
White plays Wl, he will do no worse than pay Black $1000 in 
sales. So this is in accordance with the "Maximin" principle.

Omaha. From Figure 21, we can see there is no saddle 
point. Therefore, a mixed strategy must be used in this case. 
Let x be the probability where White uses Wl and 1 - x be the
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probability where White uses W2. Similarily, let y be the 
probability where Black uses Wl and 1-y be the probability 
where Black uses W2. By using equations (2) and (3), we can 
see that x = 1/2 and ,y = 1/3* Therefore, as White you must 
advertise half the time andd not advertise half the time.
You must also choose whether to advertise or not to adver
tise daily on a random basis.

Brice Setting and The Game Theory
Game theory methodology can also be used in setting prices.

31For example, we will use the case of Boeing Airplane CompanyJ 
to show how Game Theory is used in setting prices.

The first commercial jet transports were about to be
\

offered by both Boeing and a principal competitor (Douglas).
A game matrix was constructed with the aid of Boeing's sales 
and finance departments. The matrix took account of the effect

Boeing 5*0
price . rj
strategies

4.5

Douglas
price strategies 
4.5 4.75 4.9
4 50 53
33 40 45
21 32 47
Boeing Profit

Figure 22

Douglas
price strategies 
4.5 4.75 4.9
99 57 40
39 34 42
20 31 29
Douglas Profit

of prices upon the division of the estimated market between 
Boeing and Douglas. The figures reflected the interplay of 
prices and other factors: technical quality, performance 
characteristics, what aircraft the customer's competitors buy,

31. Georges Brigham, "Pricing, Investment and Games of Stra
tegies", Churchman & Verholst, Eds., Management Science, 
Models and Techniques, Proceedings of the Sixth Interna
tional Meeting' of the Institute of Management Sciences, 
Prise, 7-11 September, 1959, New York, Pergamon Press, 
I960, Voi. 1, pp. 271-287.

i
i
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and other political and financial factors affecting the cus- 
tomer's decisions. It was necessary for Boeing personnel to 
estimate not only their own cost/volume relationships but also 
their competitor’s costs in relationship to volume. The figures 
in Figure 22 are said to be different from the actual data 
considered but, nevertheless, to be illustrative of the results 
obtained.

A good deal of the published analysis of the matrix was 
devoted to an analysis of the competitor's strategies, assum
ing certain Boeing price policies. Furthermore, a Boeing officer 
pointed out that each competitor should take account of the fact 
that a big difference in an airplane's price, say, half a 
million dollars, will probably not be maintained, but would 
force a cut to be ipade in the higher price. Therefore, he 
concludes that one can probably eliminate from consideration 
the $5*0 - $4.5 million and $4.5 *- $4.9 million price combina
tion.

The effect of various strategies on "market shares" of 
the two companies was also considered in this application. The 
matrix profits were, for the short term, on the original sales. 
Even if the prices quoted were eventually equalized, an initial 
difference might shift the market share in favor of the firm 
offering the lower price. This is important because reorders 
would be affected. Airlines, the same Boeing official stated, 
would tend to buy a second time from the company with which 
they placed their initial orders.

Purchasing Decision and The Game Theory32
The example which wre will use to show how the Game Theory 

is used in purchasing decisions is a hypothetical. Although 
the purchasing decision in the example is made by a consumer

32. Williams, The Compleat Strategyst, pp. 100-101.



62

who will probably not make this kind of decision in modern 
times, but there is'no reason why game theory methodoloy 
should not be used in the purchasing decision of a business 
organization in the same fashion.

Mr. White is faced with the winter coal problem to heat 
his house. It takes 15 tons to heat his house during a 
normal winter, but he has observed extremes when as little 
as 10 tons and as much as 20 tons were used. He also re
calls that the price per ton seems to fluctuate with the 
weather, being $5, $10, and $15 a ton during mild, normal, 
and severe winters. He can buy now, however at $5 a ton.

What to do? Should he buy all, or part, of his supply 
now? xHe may move to California in the spring, and he can
not take excess coal with him. He views all long-range 
weather forecasters dimly.

He considers three pure strategies, namely, to buy 10, 
15, or 20 tons now and the rest, if any, later. The cost 
of various alternatives are easily found to be

Winter
Mild Normal Severe

10 -50 -100 -200
Stockpile 15 -75 -75 -175

20 -100 -100 -100
Figure 23

This game has a saddle point, corresponding to the 20 ton 
stockpile. Therefore, Mr. White should buy 20 ton of coal 
right now.

The Bidding Problem and The Game .Theory33
There are two kinds of bidding problem. One is the

33. Russell L. Ackoff and Maurice W. Sasieni, Fundamentals of 
Operations Research, New York, N.Y., John Wiley & Sons', 
Inc., 19^8, pp. 343-344.
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sealed bids. Another is the public auction. The analysis of 
sealed bids^ requires complicated mathematics. It is quite 
beyond the scope of this paper to deal with it. However, 
strategies involved in public auction are quite interesting.
In order to illustrate this, we will use the following exam
ple.

White and Black are two persons and the only two involved 
in a public auction. White has $125 and Black has SI85•
There are two items put up for bids. First item (iteml) worths 
$100 and second item (item2) worths $150.

From White's point of view, his best outcome will be to 
obtain one item since his capital is smaller than Black's. 
Therefqre, when iteml is offered, White will continue to raise 
the bid until his profit will be the same whether he obtains 
iteml or item2. If we let x be the price if Black win iteml, 
then White will raise the bid until 

100 - x = 150 - (185 - x) 
from which

x = 67*5
From Black's point of view, he might obtain both items 

if he can obtain iteml for less than $60* If Black can obtain 
iteml for less than $60, he has to obtain the second because 
he will have more than $125 left which all white have.

Thus if Black can obtain iteml for the price, y, which 
is less than $40, his total profit is 

100 - y + 150 - 125 = 125 - y.
On the other hand, if White wins the iteml for y, Black 

profit will be
150 - (125 - y) = 25 + y 
Therefore Black will bid item until 
125 - y = 25 + y 

or y = 50.
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If we assume that both White and Black have performed 
these calculations, Black will realize that

1) the highest price Black can afford for the first 
item if he is to pay for both is $50.

2) White will never allow Black to win the first item for 
less than $67.5, for if Black wins below $67.5, White's profit 
is less than if White increased his bid; and

) if white wins the first item, then the more White pays 
ior it, the cheaper Black can win the second item.
1hus Black will force White to pay $67.5 for the first item, 
and the second item will sold to Black for 125 - 67.5 = 57.5;
hite w il1 rake a profit of $32.5 and Black will make a profit 

of $92.5.



Conclusion

It is sometimes felt that when phenomena include men, 
it is tremendously more difficult to theorize successfully; 
and our relative backwardness in these matters seems to 
confirm this. However, part of the so-far minor effort 
made in this direction has been dissipated against hand- 
wringing protestations that it is too hard to do. Some of the 
impetus toward simple theory— simple theory being a few axioms 
and a few rules for operating on them, the whole being more 
or less quantitative— has come from amateurs; physical 
scientists, usually. These are often viewed by the profession 
al students of man as precocious children who, not appreciat
ing the true complexity of man and his works, wander in in 
wide-eyed innocence, expecting that their toy weapons will 
slay live dragons just as well as they did inanimate ones. 
Since Game Theorists are obviously children of this ilk, you 
doubtless anticipate that we shall now make some reassuring 
sounds, probably at the expense of the professionals, else 
we should not have raised the subject. If you do so antici
pate, this shows how easy it really is, for it establishes 
you as a promising student of man too.

The motive force that propels the Game Theorist isn't 
necessarily his ignorance of the true complexity of man- 
involved conflict situations; for he would almost surely try 
to theorize if he were not so ignorant. We believe, rather, 
that his confidence— better, his temerity— stems from the 
knowledge that he and his methods were completely outclassed 
by the problems of the inanimate world. He could not begin 
to comprehend them when he looked at them microscopically and, 
simultaneously, with a wide field of view; the quantity of
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detail and the complexity of its organization were over
powering. So, since he has had some success in that field, 
he suspects that sheer quantity and complexity cannot com
pletely vitiate his techniques.

He is also aware that his success occur spottily, so 
that his knowledge is much less complete than the uninitiat
ed suspect— the uninitiated including of course those who 
believe the animate field must be vastly harder than the in
animate because the latter has been done so well. For exam
ple, modern physicists have only the foggiest notions about 
some atomic constituents— though they designed successful 
atomic bombs. Their favorite particle, the electron, is 
shrouded in ignorance; such elementary information as where- 
is-it and, simultaneously, where-is-it-going is not known—  
worse, they have decided this information is in a strict 
sense forever unknowable. The mathematicians are likewise 
a puny breed. Item: after centuries of effort, they still 
don’t know the minimum number of colors needed to paint a 
map (so that adjacent countries will not have the same color); 
it is fair to add that they suspect the number is four, but 
they haven't proved it.

Within the last hundred years, the physical scientists 
have added a new arrow to their quiver, one which has played 
only the role of a minor weapon in most of their campaigns so 
far, namely, mathematical statistics. They are now beginning 
to find more important uses for it, and there is a good pros
pect that it will become an increasingly important tool in 
the animate world; Game theory has many points of contact 
with it. Of course whole field of insurance is an example of 
statistical theory applied to some aspects of human affairs; 
the balance sheets of the insurance companies bear eloquent
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testimony to its success. Humans are not completely un
predictable.

So what are reasonable expectations for us to hold 
regarding Game Theory? It is certainly much too simple a 
theory to blanket all aspects of interest in any business 
situation. Gn the other hand, it is sufficiently general 
to justifiy the expectation that it will illumine certain 
critical aspects of many interesting conflict situations.

There are at present time some important things to be 
done. One is to develop further the theory itself, so that 
more difficult and more varied problems can be solved; this 
task falls to the scientists. Another is to find business 
situations to which existing theory can profitably be applied. 
Another task is the collection of data in the field of 
human interaction, to improve the bases of abstraction.

The Theory of Games is a method of analyzing a con
flict, according to the following abstraction: The conflict 
is a situation in which there are two sets of opposing inter
ests; it may be regarded as a game between two players, each 
of whom represents one set of interests. Each player has 
a finite set of strategies from which he may, on any given 
play of the game, choose one. The total assets of the players 
are the same at the end of any one play of the game as at 
the beginning. Each player wishes to pursue a conservative 
plan which will maximize his average gains; these maximum 
average gains, called the value of the game, may be calculated. 
Each player can, through proper play, be sure that he will 
receive the value of the game; to ensure this, he must choose 
his strategy properly— and a method exists for deciding which 
strategy to choose. There are various corollaries; he may 
have to conceal from the enemy his choice of strategy on each
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particular play; it is never necessary for him to conceal 
more than his current choice; etc.

Mathematics has "been called many things. Among others, 
the queen of the sciences and the handmaiden of the sciences. 
Therefore, while there seems to be some doubt regarding its 
precise social position, there is general agreement regard
ing its gender. In fact, all sciences nrobably look pretty 
feminine to the men who attend them: they obviously find the 
work desperately attractive, and the history of scientific 
investigation is full of evidence that she whom they court 
is changeable and capricious: in short, something of a hussy.

Moreover, the way she responds to a push, or to guid
ance, xis usually astonishing. She moves freely, but fre
quently in an unexpected direction. Time and again men have 
spent their lives trying to move her in a specified direction, 
quite without success. Viewed narrowly, their work would 
be classed as a failure. But, since science usually moves 
somewhere when pushed, these failures often are the bases of 
completely unexpected successes in other fields.

Game Theory was originally developed— by a mathemati
cian— with a view toward certain problems of economic theory. 
The initial reaction of the economists to his work was one 
of great reserve, but the military scientists were quick to 
sense its possibilities in their field, and they have pushed 
its development. Through linear programming, it is again 
feeding back into economic theory, and application of linear 
programming will certainly appear in business and industry.
The general notions of Game theory have been at the fore
front of a revolution in the theory of statistics, where a 
great unification of apparently disparate items of knowledge



is taking place. The concepts are now being explored in 
relation to social science, where they may shed light on 
certain interactions that occur among people. It is diffi
cult to predict where it may turn up next.

<7hile there are specific applications today, despite 
toe current limitations of the theory, perhaps its greatest 
contribution so far has been an intangible one: the general 
orientation given to people who are faced with overcomplex 
problems. Sven though these problems are not strictly solva 
ble— certainly at the moment and probably for the indefinite 
future it helps to have a framework in which to work on 
uhen. The concept of a strategy, the distinctions among 
players, the role of chance events, the notion of matrix re
presentations of the payoffs, the concepts of pure and mixed 
strategies, and so on give valuable orientation to persons 
v/ao must think about complicated conflict situations.
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