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ABSTRACT

The existing network literature has not been widely applied in international

relations. Of primary interest to the international system is how network growth affects

efficiency. Knowledge of efficient edges can guide how countries interact within a given

network by maintaining only the most efficient relations. Two growth models were

compared to determine their effects on efficiency. The hub model is the more efficient

growth algorithm for empty networks because it allows all nodes to connect to each other

through a short path. This model is not consistently efficient across all network densities,

meaning the extant network will affect marginal efficiency. Countries in the international

system, therefore, can generally gain the greatest marginal efficiency by connecting with

hubs.
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1. Introduction

The international system can be thought of as a network of relations between states.

The network consists of multiple layers of interactions between countries. The

interactions that take place within the international system can be trade agreements,

diplomatic ties, market sharing agreements, information sharing, defense agreements, and

a variety of other types of relationships states share. Using social network analysis

(SNA) as a method for examining international relations allows us to exploit information

about the system and how it changes over time. Networks vary in fundamental ways that

affect their functionality. Of particular interest is how network growth in the

international system affects network efficiency.

A broader SNA literature has developed along a wide-range of topics, such as

epidemiology, economics, road systems, and neurology, among others. The development

of SNA in international relations is relatively limited, but is widely applicable to

problems within the discipline. Kathleen Carley is on the forefront of much of the SNA

work within the social sciences, and has developed relevant international relations SNA

applications (Carley, 2002b; Carley, Pfeffer, Reminga, Storrick, & Columbus, 2013).

Much of Carley’s work in international relations has dealt with empirical, policy-based

models to aide governmental decision-making or research. These empirical applications

have examined terrorist, criminal, and business organizational networks, among others,

but none have dealt with the international system, per se. Taking a broader view, Zeev

Maoz applied SNA to a historical perspective of international relations (2010). He uses a

Neorealist view to examine choices countries have historically made, based on their level

of involvement and connection in the international system. Emilie Hafner-Burton and
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Alexander Montgomery have also taken a leading role in applying SNA to international

relations, as well as political science topics (Hafner-Burton, Kahler, & Montgomery,

2009; Hafner-Burton & Montgomery, 2010). Their work has been applied to concepts of

centrality in political organizations, as well as examining systemic theories in

international relations.

While these researchers have helped pave the way for applying social network

analysis to international relations, more work is needed. The application of SNA has

involved techniques that have been developed from other fields of network applications.

The math behind these applications, and the potential it holds for international relations,

has yet to be fully realized. The literature on SNA allows us to examine the structural

properties dynamically, focusing on the efficiency of the international network as the

system changes over time. This is an important concept in determining which dynamic

changes in a network lead to the most efficient outcomes. Efficiency in a network is

important in determining where states should prioritize their relationships given limited

resources. A smaller country that wants to communicate effectively in an international

network can place an emphasis on connecting to another country that will give it the

greatest marginal efficiency. This knowledge can guide how countries interact in the

system effectively.

This paper examines growth models in network analysis and determines which

growth algorithms lead to the most efficient outcomes. A network will be defined as a

graph, g, contained within a complete set of graphs, G. This graph contains a complete

set of nodes, N, and edges, E, contained within the set of graphs. Dynamic growth occurs

when an edge, e, forms between nodes i and j contained within graph, g, over time, t.
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Efficiency has three different definitions, depending on the application. The first

definition states that full efficiency of a network is reached when the highest utility of

each node, n, is reached in G (Jackson & Wolinsky, 1996). The second definition

examines the number of redundant edges within a graph and determines a completely

efficient graph to have no redundant edges (Burt R., 1992; Carley, 2002b; Krackhardt,

1994). The final definition of efficiency measures the path length, or distance between

two nodes in a network (Carley, 2002b; Latria & Marchiori, 2001). Full efficiency is

reached in this definition when every node is connected to every other node in the

network.

This paper specifically examines which growth algorithm leads to the most

efficient outcome. The primary definition of efficiency in this paper will be the path-

based definition, because it applies more directly to questions of international relations.

Utility-based efficiency requires knowledge of what drives a utility function for each

country, and also tends to focus on transfers of utility to create the highest overall

network utility. This is often an unrealistic assumption when dealing with state-to-state

interactions. Redundancy-based efficiency is ideal in some situations at the micro level,

such as hierarchies, chains of command, or businesses. This definition is efficient in the

sense that there is no repetition of roles or work in the network. At the international

level, however, redundant ties are often necessary to interact effectively. Since much of

international relations is conducted directly from country-to-country, a direct link

between each country allows interactions to take place quickly and effectively, rather

than through third-party intermediaries. The path-based efficiency, therefore, is ideal for

examining efficiency in international relations.
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The next section of this paper will review the literature on social network analysis. This

section reviews dynamic growth models, diffusion models, and efficiency measures used

in networking theory across multiple disciplines. The literature identifies two branches

of research within dynamic network analysis: growth and diffusion. A gap exists

between these two branches and the conditions under which these models interact has not

yet been explored. Efficiency is reviewed in the literature as a way of bringing these two

dynamic models together. Efficiency will be used as a measure of diffusion throughout a

growing network. The next section discusses which particular growth and efficiency

models are selected for further exploration, based primarily on their empirical relevance

to international relations theory. The growth algorithms of interest are placed into a

computer simulation to measure the marginal efficiency of each model. The final section

of this paper discusses the results of the simulations and the implications those results

have on international relations research. The models show that in the empty network and

networks of high density, the greatest marginal efficiency occurs when nodes connect to

already highly connected nodes, or hubs, in the system. This outcome is always more

efficient in these networks than creating small, dense groups. However, a surprising

result was that the hub model is not always the most efficient in sparse networks.

Because this model is not consistently efficient across all network densities, the extant

network will affect marginal efficiency and potential hub growth. Countries in the

international system, however, can generally gain the greatest marginal efficiency by

connecting with hubs.

An example of this can be seen in burgeoning technology markets. Not every

country is capable of developing highly technical electronics, yet emerging technologies
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are widely distributed globally through trade markets. Instead of investing money to

develop technology, many countries choose to create trade and business partnerships with

countries that are technological leaders. This eventually diffuses new technology

throughout the network, but only because of the connections made to the hubs. It would

be much less efficient for a country to connect with another country lacking technical

skills, production assets, and export capabilities. The Soviet Union experienced being cut

off from technology networks during the Cold War. Their internal technology

innovations stalled and they were unable to advance again until relations were reformed

with hubs. While they were isolated or distantly connected to hubs, Soviet citizens had to

continue using outdated technologies in agriculture, transportation, and industrial sectors

of society. The results of this paper support this intuitive example of technology hubs

during the Cold War, among many other examples seen in international relations.

2. Network Literature Review

Social network analysis has been an evolving field of research for decades, but

has only recently been applied in international relations. Beginning in the 1950’s,

random graph theory came to the forefront of network analysis. Random graph theory

was based on the idea that every node had a random distribution of connections, or

degree, to other nodes. This sort of graph was mathematically neat and drove social

scientists to research static network structure and how it relates to a variety of applied

issues. Network research expanded to fields outside of social science and lead to the

identification of different network typologies beyond random graphs. Network literature

has further evolved to study dynamic networks, looking at how networks change and

grow over time. Within the dynamic field of research, there are two branches: growth
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models and diffusion models. Both of these areas have helped pave the way for a greater

understanding of networks. This literature review will cover the history of social network

analysis and discuss a direction forward by bringing growth and diffusion models

together using network efficiency.

Paul Erdos and Alfred Renyi conceptualized networks with degrees of nodes

randomly distributed, making an influential mark on social network analysis (1960).

Erdos and Renyi were mathematicians and favored the simple mathematical properties

that random graphs contained. Their model opened the door to more research when it

was discovered that almost no real-world networks are randomly distributed. Instead,

real networks tended to fall within a few distinct typologies. A common typology is the

small world. This was described by Travers and Milgram in an experiment where they

tried to connect people from distant cities by mailing postcards through a chain of people

to see if it made it to the pre-determined end point (1969). The small world network was

further defined by Watts and Strogatz, who identified these networks as having small

clustering coefficients and relatively small path lengths comparative to the number of

nodes in the network (1998). A RAND study identified two other network typologies

(Baran, 1964). One of these is a star network, where one central node is connected to all

other nodes in the network. The other is distributed, which corresponds to a network like

the US highway structure. Every node is connected to adjacent nodes in this network,

forming a grid pattern.

The small world typology has been a focus of network research because several

real networks have these characteristics. Of particular interest for its resemblance to

natural networks are scale-free networks, which follow a power-law for degree
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distribution (Barabasi & Albert, 1999). In this network typology, very few nodes become

hubs that contain the majority of edges connecting the remainder of the network together.

This type of network is similar to a star typology, but instead contains several centrally-

connected hubs instead of just one. Scale-free networks tend to be resilient to random

damage and contain a relatively short path length. They have been found in natural

ecosystems, biological cells, human interactions, and even in man-made structures such

as the infrastructure of the internet.

Wasserman and Faust developed characterizations of all network typologies and

created a standardized starting point for analyzing social networks across research fields

(1994). Mathematical and statistical work also developed after network analysis

expanded into the economics literature (Jackson, 2008; Kolaczyk, 2009). Networks were

viewed from a systemic, structural view, and also from an individual constraints and

opportunities view (Wasserman & Faust, 1994). Network properties, such as transitivity,

reciprocity, homophily, and clustering, began to be more broadly understood and further

developed in the literature, allowing for empirical applications across disciplines.

Networks have now been applied to business, economics, epidemiology, genetics,

biology, social sciences, and more recently political science research. Understanding the

mathematical properties stemming from graph theory allowed these applications to exist

and continues to evolve today.

2.1. Dynamic Models

As network applications opened up, so did the need to examine dynamic models.

Dynamic models examine how networks change over time. Dynamic models create a

much wider research agenda than static models because theories can be tested beyond a
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simple snapshot of data, allowing for predictive modeling. Dynamic network analysis

developed along two parallel tracks: the growth of networks and the diffusion across

networks. Network growth can occur in three ways. The first is by adding or deleting an

edge. The second is by modeling where nodes will be added or deleted. The final way is

by changing the behavior of nodes. Diffusion models are all relatively similar, but

change in complexity for each specific network. Efficiency literature is also reviewed as

a bridge between growth and diffusion. The three types of efficiency measurements

exist: utility, redundancy, and distance efficiencies. Each of the literatures on these

branches of dynamic research will be reviewed below.

2.1.1. Dynamic Growth

While growth models can vary on edges, nodes, or behavior, edge formation

within networks has been a primary focal area in the literature. Many of the models deal

with an increasing utility, satisfaction, or value of a given node by changing the edges it

has (Jackson & Wolinsky, 1996; Jackson M. O., 2008; Neame, 2008; Okumura, 2011;

Snijders, Van de Bunt, & Steglich, 2010; Snijders, Steglich, & Schweinberger, 2007;

Snijders, 2001, 2005). Jackson and Wolinsky examine the utility of a node’s connections

as it relates to stability in the network (1996). Utility is an arbitrary node function that

can be assigned based on the network one is examining. Jackson and Wolinsky argue

that tension exists between the stability and efficiency of a network, and this tension

dictates where edges are formed. This is based on the cost versus benefits of all edges a

node maintains. Jackson and Wolinsky define the value of a graph as:

:ݒ ሼ݃ȁ݃  ݃ሽ  , (1)
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where the value of the graph,ݒ, is given by the set of all possible graphs contained within

the complete graph, ݃. For individual utilities of each node, the value of the graph is

aggregated from the equation:

=ሺ݃ሻݒ σݑ ሺ݃ሻ :ݑ݁݁ݎ ݓ ሼ݃ȁ݃  ݃ሽ  (2)

This combines the utilities for individual nodes to derive the graph value. Again, utility

is assigned from a function that is dependent on the network of interest. The specific

function for utility does not play a role in determining efficiency. A network is

considered efficient if it maximizes its total utility across all nodes. A strongly efficient

graph is defined as:

ሺ݃ᇱሻݒ ሺ݃ሻݒ ܽݎ݂ ݈݈ ᇱ݃ ݃ , (3)

where the value of the graph in its current configuration is greater than the value of

alternative configurations of the graph for all sets of graphs contained within the

complete graph. Stability in the network occurs when each node reaches its maximal

potential utility and no better edge configuration exists. A strongly efficient graph

defined by (3) will be stable because it maximizes utility. Jackson argues that not all

networks can reach stability as the networks change over time, and therefore the utility

for each node changes as well (2008; Jackson and Wolinsky, 1996).

Edges are formed in this model by weighing the value of the alternative graph

configuration against the graph’s current configuration. The costs and benefits of each

edge and each potential new edge are examined. Jackson and Wolinsky give an equation

for this, called their connections model:

=ሺ݃ሻݑ +ݓ σ ௧ೕஷߜ  σݓ ܿ:ఢ , (4)
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where  0ݓ denotes the utility for individual t݆o individual a݅nd ܿis the cost to o݅f

maintaining link ݆݅. isݐ the number of links in the shortest path between a݅nd a݆nd

0<ä<1 denotes the decay in value of connections by proximity. The closer connections

are more valuable, but direct connections are costly. This model has incorporated the

rationality of nodes wanting to increase their utility while decreasing their costs.

Rationality plays a key role in broader theories of economics, political science, and

international relations. This model pairs nicely with testing these theories of rationality

from a utility perspective.

Snijders’ work is similar in its use of utility (called “preference” in Snijders) to

drive edge formation and deletion (Snijders, Van de Bunt, & Steglich, 2010; Snijders,

Steglich, & Schweinberger, 2007; Snijders, 2001, 2005). Snijders, however, has taken

network structure and node attributes into account. In this model, the probability of ties

changing are endogenously determined (Snijders, Van de Bunt, & Steglich, 2010). A

specified node is chosen under pre-determined parameters derived from node attributes,

structural properties, or random selection. Using an objective function, the node chooses

to add an edge, delete an edge, or keep its current configuration:

݂൫ݔሺ݅~ ሻ݆൯+ߝ , (5)

where ~ሺ݅ݔ ሻ݆is the digraph obtained from graph x when i changes the tie variable to j. ߝ

is a random variable, or residual, normally distributed around 0 and independently

generated for each iteration. The objective function represents the preference of a node

for a given configuration, x, against all possible network configurations, X. This function

is calculated using the following equation:
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݂ሺݔ,ߚሻ= σ ܵߚ (ݔ)
ୀଵ + ߝ , (6)

where â is a node attribute and ܵ(ݔ) represents a network structure as meaningful from

the actor i. The network properties represented by ܵ(ݔ) can include concepts of degree,

homophily, transitivity, and several others. These properties are selected based on

theoretical assumptions of what drives connections in the network, and several of them

can be used simultaneously. For example, if theory states that nodes in a particular

network connect to other nodes which have a high degree, then degree can be chosen as a

driver for edge formation. Theoretically relevant network structures are paired with the

utility of a node, giving a model with prediction capability to determine where edges will

form or break in a network. Snijders’ work has allowed the rationality of actors in the

utility models presented by Jackson and Wolinksy to go a step further by integrating the

effect of the network structure.

An example of a growth model based on node utility is found in the business

literature (Bellaflamme & Bloch, 2004; Okumura, 2011). In the business sense, nodes

are firms that can choose to create an edge with another firms by cooperating on a

project, or creating a market-sharing agreement between the two firms. The edge is only

formed if it is in the best interest or raises the utility of both of the firms involved. If the

edge between the two nodes decreases node utility over time, the edge is deleted. Utility

is based on a balance between less market competition and access to foreign markets

(Bellaflamme & Bloch, 2004). Network components of market-sharing agreements

between firms will form until a certain utility maximization occurs.

The business literature has examined how the utility of the nodes eventually

reaches network stability and how this affects network efficiency, according to economic
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definitions of efficiency. Efficiency in the economic sense means that the network

maximizes total possible profits (higher profits would yield higher utility in the utility

function for Jackson and Wolinsky’s model). In the market sharing example, the

perfectly efficient network is one that is complete because market sharing agreements

create monopolies that maximize profits for all companies involved (Bellaflamme &

Bloch, 2004; Okumura, 2011). The equation for a single node’s profits is:

Ð= +ሺ݊ሻߨ σ )ߨ ݊),ೕୀ (7)

where Ðare the total profits, ሺ݊ሻisߨ the profit of firm j on market i. ݊is the number

of active firms for market i (degree). A profit sharing agreement between two companies

forms when there is a reciprocal interest and the utility (profits) for each company

increases. This is determined by:

 Ð= )ܨ ݊, ݊) (8)

The change of profits for company i is determined by the function F. By reducing

competition on its home market, i increases its profit. At the same time, it loses access to

foreign market j, which decreases i’s profit. F balances these processes and an agreement

will form if the change in profits is positive. Stability occurs in this model when the

profits for both i and j are higher with the agreement formed for all i,j g. Monopolies

are generally illegal, so a balance must be struck to increase profits while forming

agreements with other firms at a minimal cost.

The literature on node creation or deletion has been relatively thin compared to

that discussing changes in edges. Node formation or deletion literature focuses on

maintaining a balance between efficiency and redundancy within the network (Makki,
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Husseini, & Seyyadsalehi, 2010; Makki & Hosseini, 2010). Using neural networks,

Makki, Husseini, and Seyyadsalehi explore how neurons learn languages and speech

patterns over time (2010). An approach was developed to explore where neurons die or

form. Neurons here act as the nodes in a network and signals sent from neuron-to-neuron

form the edges. While the primary focus of the neural studies is to explore how neurons

learn speech patterns over time, constructive, destructive, and evolving algorithms

examine the redundancy and efficiency of the neurons during this process. In these

algorithms, the similarity of the outputs of each neuron measures redundancy. This is

given by the following two equations:

1ܧ = =ҧሻݖ,ҧ௧ݔሺܥ
௫ҧ,ೋഥ

ȁ௫ҧȁమ
% (9)

and

2ܧ = (௫ҧ,௭ҧ)
(௫ҧೞ,௭ҧ)

, (10)

where ҧሻisݖ,ҧ௧ݔሺܥ the correlation-coefficient-like parameter which measures the similarity

of outputݖҧand desired target feature .ҧ௧ݔ (ҧݖ,ҧ௦ݔ)ܥ is the correlation coefficient of output

ҧandݖ desired source feature .ҧ௦ݔ These equations measure the redundancy present in the

network so that unnecessary nodes can be removed. Alternatively, to examine efficiency,

a small number of neurons are trained on speech patterns initially. Over time, the number

of neurons grows until a specific cost function is minimized (Makki, Husseini, &

Seyyadsalehi, 2010). Most growth models depend on the structural properties or node

attributes of the network. The evolving algorithm instead tries to simultaneously evaluate

redundancy and efficiency in nodes to create an optimal neural network. These
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algorithms allow node formation and deletion to be viewed in terms of redundancy and

efficiency of neurons, making it a unique approach for a dynamic growth model.

Rather than focusing on dynamic growth of edges or nodes, preferential

attachment models explore a mixture of edge and node changes simultaneously. In most

of these models, node formation or deletion is taken as a natural part of network

dynamics with little attention given to where or why they form. Preferential attachment

models begin with the assumption that a new node has been born and focuses on

determining what other nodes it will connect with (Barabasi, 2009, 2012; D'Souza, et al.,

2007; Jackson, M. O., 2008). Much of this work has been done within the literature on

scale-free networks because there is a question of why so few nodes become hubs. Two

models for preferential attachment have come forth: one focusing on degree-based

probabilities and the other focusing on node optimization (Barabasi A.-L. , 2012). In the

first model, edges grow at rates proportional to node degree. This is determined by a

proportion of degree distribution given to each node:

Ðሺ݇ሻ= 
σೕೕ

, (11)

where Ðሺ݇ሻis the probability a new node forms an edge with node i, and ki is the degree

of node i (Barabasi & Albert, 1999). This means that a new node will prefer to attach to

highly connected nodes. While this model paved the way for studying preferential

attachment, it did not capture all the processes that affected edge formations for new

nodes.

An addition to this model is based on the birth of the node since older nodes tend

to have a greater number of edges than new ones (Jackson M. O., 2008). Jackson has
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also done work combining models based on degree and node births to describe edge

formations (2008). In Jackson’s initial model, preferential attachment is based on degree

and total degree of the network.

݉ ௗ(௧)
σ ௗೕ(௧)
ೕసభ

, (12)

where m is the number of total edges in the network at time t. A standard model for

determining the probability of node i getting a new edge during time t was used:

ௗ(௧)
ଶ௧

(13)

Using this probability, Jackson incorporates age into the model, giving it a more realistic

dynamic for preferential attachment:

=௧ሺ݀ሻܨ 1   
షభ(ௗ)
௧

(14)

where  ௧is a decreasing function of i,  ௧
ଵିሺ݀ሻare nodes older than node i, giving the

degree distribution at time t in the above function. This model takes away an assumed

functional distribution, making it non-parametric.

In contrast to degree-based probability in preferential attachment models,

optimization models are based on forming edges with nodes that have a certain similarity

to the new node (Barabasi, 2012). The model accounts for the network tendency of

homophily, which is a frequent occurrence within networks. Homophily occurs when

nodes connect to nodes that share similar attributes. Berger et al. (2005), bring both

degree-probabilistic models and optimization models together by incorporating concepts

of saturation and viability as another explanation as to why only a limited number of
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nodes become hubs. Saturation occurs when a node reaches a certain threshold of edges,

while viability takes into account the “attractiveness” of some nodes to other nodes

(Berger et al., 2005; D'Souza et al., 2007). This is explained by:

௧ܿ= min


݊ൣߙ ௧+  ൧ , (15)

where ௧ܿis the cost of the new node, t. ௧݊is the number of nodes between nodes t and j.

isߙ a dimensionless constant that is >0, which is meant to determine the relative

weighting between n and h.  is the number of hops (path length) between node j and

the “root node” or “core of the network” (also called the centrality of j to the network).

The model accounts for probabilistic assumptions from previous models using a

saturation limit, as well as assumptions of optimization models that account for

“attractiveness” or homophily measures.

An example of preferential attachment is seen when a new webpage joins the

internet. The new webpage forms edges by creating a link to another webpage. Links

can connect to a large internet hub like Google, because Google is well known and

already has a large degree. This means that probabilistically, a webpage is more likely to

link to Google because it is already well-known compared to other pages that most

people do not even know exist. Alternatively, the new webpage could also link to

Google because it feels that Google is an attractive choice and would optimize the node's

utility in some way. For example, Google could pay for advertising if a webpage chooses

to add a link, thereby increasing a webpage’s profits. Another example of preferential

attachment is a new person joining an organization. They either connect to the very well-

known employee by chance or by choice. If by chance, it could be because this employee
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is very social and therefore meets people often. If the connection is made by choice, it

could be because the new employee wants to be integrated into the network quickly

through a well-established and reputable node.

Dynamic growth, while varied, has focused on edges, nodes, or preferential

attachment models solely without understanding how these models interact with other

network processes. Diffusion in particular is a process that can interact with network

growth, but has not been explored in the literature.

2.1.2. Diffusion

Diffusion is the second branch of dynamic literature. Diffusion examines the

flow of something throughout a network. Several diffusion models exist based on what is

flowing through the network—whether it is innovation, information, viruses, or some

other form of stimulus. Much of the early work in diffusion started in epidemiology

while trying to explore the far-reaching effects a virus could have on a network, and also

what effect antivirals would have in resistance.

Solingen conceptualizes historic diffusion models as consisting of four parts

(2012). The first part of diffusion is the initial stimulus traveling through the network.

Identifying the stimulus assists in understanding where the diffusion begins and the rate

of infection. The second concept of diffusion is the medium through which the stimulus

travels. The medium can affect the speed and amount of traffic permitted to pass from

node to node. Third is node resistance or vulnerability to the stimulus. These factors

compete within each node. Two common variations focusing on this part of diffusion are

often called SIS or SIR models, standing for the sequence of events that take place when
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a virus spreads. The sequence is susceptible, infected, susceptible to the virus again, or

susceptible, infected, removed from the network due to the virus (Kermack &

McKendrick, 1927). The simplest way to calculate the threshold of the population

infected is as follows:

=ߣ ߜ߭/ , (16)

where isߣ the epidemic threshold, i߭s the rate of infection, and isߜ the susceptible rate.

This gives a basic idea of how a virus will diffuse. A SIR model simply breaks the

population into groups of susceptible, infected and removed nodes at time periods:

ܰ= ሺܵݐሻ+ +ሻݐሺܫ (ݐܴ) , (17)

where N is the total population, S is the number of susceptible nodes, I is the number of

infected nodes, and R is the number of removed nodes at time, t. Looking at the number

of nodes in each category over time allows one to infer the rate of infection. The final

piece of conceptualizing diffusion through a network is to examine the outcomes of the

diffusion process (Solingen, 2012). In a model like the SIR epidemiology one, the

outcome would be the number of individuals that were infected or removed from the

network.

These four concepts lie at the base of most diffusion models. The models can

then be further specified to include population growth statistics, death rates, contact

distance, and other concepts to make the diffusion model fit with empirical data. One

example of this is from Carley (Smart Agents and Organizations of the Future, 2002).

For this equation, N is the total number of nodes in the network, and K is the number of

pairs of nodes that are unreachable. For each pair of unreachable nodes we record a
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distance of N, which is beyond the maximum distance for a binary network. The total

distance is:

σ ݀ீሺ݅, ሻ݆+ ஷܰ ܭ , (18)

where ݀ீሺ݅, ሻ݆is the shortest path between nodes i and j. Once the total distance is

defined, the average distance is calculated:

்௧௦௧
(ே ሺேି ଵሻ)

(19)

The average distance helps determine the overall diffusion process. Diffusion is defined

as:

ே
ேି ଵ

 ଵି ௩௦௧
ே

(20)

This equation adds a distance measurement to get a more empirically accurate account of

diffusion throughout networks.

One influential piece of diffusion literature focuses more mathematically on the

effects of network structure. Granovetter argued that diffusion can reach a greater

number of people and traverse a greater distance through weak ties, rather than through

strong ones (1973). The focus on weak ties emphasized an importance on the network

centrality score of betweenness as a primary factor in diffusion processes, rather than

degree. The nodes with the greatest betweenness are important to diffusion because they

connect different components or clusters of nodes, allowing the stimulus to flow a greater

distance in the network.
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Betweenness was studied in a medical practice investigation that examined how

medical innovations spread throughout a community of doctors (Burt, 1987; Zappa &

Mariani, 2011). These studies supported Granovetter’s theories about the importance of

betweenness to diffusion. Two hypotheses were used to explain how diffusion of

medical innovations occurred in the medical networks: either within components of

doctors, or by a hierarchical structure that spanned across components of doctors. The

findings showed that innovations did not typically spread within the components, but

rather when people outside of components used new innovations (Burt, 1987; Zappa &

Mariani, 2011). The nodes with high betweenness scores connected different

components together, allowing them to pass information between components that were

trying new medical innovations. This supports Granovetter’s theory on structure playing

an important role in diffusion, and particular the role of nodes with high betweenness that

span components.

Rather than focusing on which nodes are more likely to diffuse information,

McCullough and Carley focus on causal mechanisms of diffusion (2011). They break

networks into four states: stability, endogenous change, exogenous change, or initiated

change. In the first state of stability, no dynamic processes are occurring within the

network. Endogenous change occurs when nodes drive changes in network structure,

while exogenous change occurs when a separate stimulus causes change in the network.

In initiated change, an exogenous change occurs first, followed by an endogenous

reaction (McCulloh & Carley, 2011). Endogenous change is taken to mean behavioral

change, or a change in nodal attributes.
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Snijders, Steglich, and Schweinberger have done work on endogenous change

area with the actor-covariate model (2007). In this model, a feedback loop is created to

incorporate diffusion of nodal behavior as changes in the network occur. Two functions

were developed to account for network structure changes and behavioral changes, and

how these processes simultaneously affect each other (Snijders, 2001, 2005; Snijders,

Steglich, & Schweinberger, 2007; Snijders, Van de Bunt, & Steglich, 2010). While

Snijder’s work examines the behavioral processes McCulloh and Carley describe, it

focuses on growth in the network rather than diffusion. Examining where and why the

diffusion process begins are important features to conceptualizing this branch of dynamic

network literature. Taking this process further to examine how behavior is affected by

network structure, and vice versa, has been a relatively new concept in network

dynamics.

2.1.3. Efficiency

While growth and diffusion have been explored in the literature, it is still

unknown which growth processes will lead to the most efficient networks. Incorporating

how growth affects diffusion efficiency would be a new step in the dynamic network

literature. If the conditions were understood on how these processes interact

simultaneously, then a gap could be filled within the dynamic literature. If we measure

diffusion by efficiency, then we could examine which particular growth algorithms have

a greater effect on the efficiency of the network. As mentioned previously, efficiency

currently is measured depending on how one chooses to define what an efficient network

looks like. There are currently three main branches of efficiency measurements: utility-

based, redundancy-based, and distance-based efficiency.
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Jackson has led much of the work on utility-based efficiency models (2008).

According to Jackson, efficiency is defined as:

σݑ ( )݃  σݑ (  ݃) , (21)

where isݑ some utility of i, given through a utility function. If the utility for i is higher

in the current graph than in alternative configurations of graph, g, then the network is

efficient. This model implies that nodes are rational and they form or remove edges

based on increasing utility. Under these assumptions, network growth would be driven

by increasing the utility, and therefore efficiency of the network. Jackson also has a

model that accounts for distance-based utility measurements:

=ሺ݃ሻݑ σ ቀܾ݈ሺ݃ොሻቁ ݀ሺ݃ሻܿஷ: ேషభ(ො) , (22)

For this model, let :ܾሼ1, … ,  ݊ 1ሽ  denote the net benefit that a player receives from

indirect connections as a function of the distance between players. ݈ሺ݃ොሻis the shortest

path length between i and j. ො݃is the undirected version of graph g. ݀ሺ݃ሻis the out-

degree for node i within graph g. Let ሺܾ݇ሻ> ሺܾ݇+ 1ሻ> 0 for any k and c  0. These

inequalities embody the idea that a player sees higher benefits for having a shorter

distance to other players. If the utility for node i increases, then the efficiency therefore

increases.

The second branch of efficiency measurements is based on redundancy (Burt R.,

1992; Carley, 2002; Krackhardt, 1994). Redundancy-based efficiency assumes that

maintaining edges with other nodes comes at a certain cost. One edge in and one edge

out of each node would have the lowest costs, and therefore the highest efficiency, that a

network could obtain. The most common redundancy-based efficiency measure is from
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Krackhardt (1994). Krackhardt defines a redundant edge as any edge whose deletion

does not disconnect the graph.

1  
ெ௫

(23)

In this equation, V is the total number of edges in excess of ݊ 1. ݊ 1 is the node

size of component q, minus 1. Max V is the maximum possible number of edges in

excess of ݊ 1 summed over all components. This equation calculates the number of

redundant edges and uses that as a measure for overall network efficiency. Separately,

Carley uses the same idea as Krackhardt for defining redundant edges, but she calculates

the edges by row and by column (2002). This is done by determining the number of

redundant edges for each individual column and row. Burt (1992) also uses a form of

redundancy to measure efficiency, but instead looks to node efficiency rather than

network efficiency. In this equation, costs of maintaining relationships, or edges, are

compared to the marginal benefits of the edges.

= ൫௭ା௭൯
σൣ൫௭ೕା௭ೕ൯ೕ ൧

,  ݅ ݆ , (24)

where is the proportion of i’s time and energy (costs) invested in the relationship with

q. The equation takes interaction with q divided by the sum of i’s relations. Z is the

weighted link between iq. ݉is the marginal strength of j’s relation with node q.

݉=
൫௭ೕା௭ೕ൯

୫ୟ୶(௭ೕೖା௭ೖೕ)
,  ݆ ݇ , (25)

where max(ݖ) is the largest of j’s relations with anyone (so 0  ݉ 1), and isݖ the

strength of relation from j to q. Equation (25) calculates the marginal relationship of
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other edges to q outside of i. Aggregating this, it measures i’s relationship with j that is

redundant to i’s relationship with other primary contacts.

σ ݉ , ݆݅, ݍ (26)

Taking one minus expression (26) is the non-redundant portion of i’s relations. The

effective size of the network is then calculated by:

σ 1ൣ  σ ݉  ൧, ݆݅, ݍ (27)

Taking the effective size of the network of total N nodes i is connected to is the

efficiency score for node i. This measure of efficiency looks to the efficiency of

individual nodes maintaining a cost in order to keep edges with other nodes, but does not

calculate overall network efficiency as Krackhardt model does. It is a lengthy calculation

in comparison to Krackhardt, but is useful if looking to a node-level redundancy-based

efficiency.

The final type of efficiency measurement examines distance between nodes

(Carley, 2002; Latria & Marchiori, 2001). This measures efficiency based on how long,

or how many edges it would take for nodes to diffuse information. The speed of

diffusion is given in a model by Carley (2002). In this model, let

=ܦ ൛݀ሺ݅, ሻ݆ห݅,  ݆ ,ܸ  ݅ ;݆ ݈ܾ݁ܽ ݆ܿܽ݁ݎ ݂݉ݎ ݅݅ .ൟ݊ܩ

Average speed is then:

൫σ ݀( ,݅ )݆ |ܦ|/ௗ൯ܦ  , (28)
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where |D| is the cardinality of the set D and ݀ሺ݅, ሻ݆is the shortest path length from i to j.

This gives the average speed of communication diffusion, which is a measure of

efficiency based on shortest path lengths. Local and global efficiency network measures

have also been derived based on path lengths (Latria & Marchiori, 2001). Global

efficiency is measured by:

ଵ
(ି ଵ)

σ ଵ
ௗಸ(,)ஷ , (29)

where n is the number of nodes and ݀ீ ( ,݅ )݆ is the shortest path from i to j. This equation

gives the normalized sum of the inverse geodesic distances between all pairs. Global

efficiency may be a more applicable measurement of efficiency within international

relations than other models. This is due to the fact that utility is going to vary by actor,

and redundancy is not always something to avoid in a network. Powerful states in the

international system may view an efficient network as one where they can easily

accomplish interactions with any country they would like to. If paths are longer,

interactions between states become more difficult.

A single node’s efficiency can also be calculated from the previous model. Local

efficiency is based on the ego networks of each node. For local efficiency, let

ܸ= ݂ݐ݁ݏ ݀݊ ܽ݁ݏ ݅ݐݐ݆݊݁ܿܽ݀ = { |݆( ,݅ )݆ {ܧ  and let

=ܧ ݀ܧ ܾݏ݁݃ ݁ݓ݁ݐ ݁݊ ݀݊ ܽ݁ݏ ݅ݐݐ݆݊݁ܿܽ݀ = {( ,݆ )݇|( ,݆ )݇ ;ܧ  ,݅  ݆ ܸ.

Define =ܩ ( ܸ,ܧ). Local efficiency is then defined as:

ଵ
ே
σ ݂ܧ݈ܾ݈ܽܩ ݂݅ܿ݅݁ ே(ܩ)ݕܿ݊
ୀଵ (30)
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Local efficiency is the normalized sum of the inverse closeness of the ego networks. This

gives a smaller efficiency network if one is more interested in how things spread

throughout a particular component of a network, or how efficient an ego of interest’s

edges are.

These three types of efficiency measurements demonstrate that there is no single

way to define an efficient network. Examining different growth measurements applicable

to international relations gives insight on efficient networks. This is a gap in the literature

that has yet to be addressed. This paper will determine which growth algorithms lead to

the lead to the highest marginal efficiency and what the implications are for international

relations.

2.2. Growth Impacts on Efficiency

While several growth and efficiency models exist, few have theoretical applications

in international relations. For this reason, the models examined are narrowed to only

those with IR applicability. The focus from the dynamic growth literature will be on

edges because they are a realistically controllable aspect of the international system.

New countries are not as common in the international system, so node growth and

deletion is not as useful for international relations questions. On the other hand, countries

can control their relations within the network. The growth models of interest begin with

the preferential attachment model (Barabasi & Albert, 1999; Barabasi, 2012; and Jackson

M. O., 2008). This model is based on the idea that nodes will connect to nodes with a

higher degree. A second growth algorithm is used based on the network property of

transitivity. This growth rule is based on the structural property of triads in networks

(Snijders, 2001; Snijders, 2005; and Snijders, Van de Bunt, & Steglich, 2010).
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These particular models are selected in order to simulate the interaction of global

powers in the international system. Countries with extremely high degrees form a core of

global interactions and tend to be extremely well connected to each other. The core

countries are also connected to countries with low degree that are not well integrated in

the global system. This growth rule forms extremely well connected hubs in the network

that bring the international system together. Alternatively, the transitivity rule measures a

network structure of how nodes typically interact in social friendship networks. In a

friendship network, node u can be connected to node v and to node w, but nodes v and w

are not connected to each other. Over time, transitive closure occurs if nodes v and w

connect to each other, forming a triad between the three nodes. Using this growth rule

allows us to examine how a structural aspect of networks plays a role in efficiency. It is

also an applicable concept to international relations because groups of allies and

coalitions potentially form as friendships do in network theory.

Both of these growth algorithms are programmed into a computer simulation

measuring global efficiency (Rolfson, 2014). This particular efficiency metric is used

because it is an intuitive representaiton of what it means for a state to be efficient in the

international system. Generally, the countries considered to be efficient are those that

can quickly accomplish given tasks with other countries. This could involve diplomacy,

trade, policy discussions, among other items of international interest. If two countries

share a direct relationship, they can accomplish more goals with lower effort and time

than if they had to work through other parties to interact. For example, if a country

wishes to participate in a common currency market, such as the European Union, it has a

greater potential for trade interactions if it has direct connections to other members in the
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Union. If it does not, the process of interacting with the common market is less likely, if

not impossible. In other words, it is inefficient for a country to interact with the

European Union if it has no market connections with any of the countries in the Union. It

would instead have to go through a third party who already interacts with the European

Union to develop a relationship. As the path length between two countries grows, so

does the effort involved in interaction. Therefore, the global efficiency model is an ideal

choice for measuring efficiency of international systems. Since diffusion can be thought

of as disseminating something throughout a network, the global efficiency definition

aligns as a diffusion measurement, bringing the dynamic literatures of growth and

diffusion together. For these reasons, global efficiency is the ideal choice of

measurement.

The algorithm for global efficiency is quite similar to the common network

centrality measure of closeness, but there are distinct differences between them. Global

efficiency from equation (29) is measured as:

ଵ
(ି ଵ)

σ ଵ
ௗಸ(,)ஷ (29)

This directly compares the geodesic distances between every dyad in a given network to

the total number of edges possible in a network [ (݊  ݊ 1)]. The geodesic distances are

compared to the total number of edges because it is a network-wide measurement. The

inverse of the number of edges is used to normalize global efficiency. This is a key

difference with the closeness centrality measurement. Closeness centrality is defined as:

σ ଵ
ௗಸ(,)ஷ (31)
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This equation is exactly the same as the right portion of the global efficiency

measurement. The difference comes when this measurement is normalized. Because it is

a node measurement, and not a network-wide measurement, the normalization is

completed by comparing the geodesic distances to the number of nodes in the network,

(  ݊ 1). The normalized equation for closeness becomes:

σ (ି ଵ)
ௗಸ(,)ஷ , (32)

where (  ݊ 1) is placed in the numerator of the equation. This creates a distinct

difference in the measurements of closeness and global efficiency. Global efficiency is

used instead of closeness because it does the network wide comparison of all possible

edges in the network. This gives a more accurate description of how the international

system interacts than simply averaging closeness scores to generalize the entire network.

Using this efficiency measurement, the fully connected network is most efficient.

This implies that any edge added to a less than fully connected graph will increase the

efficiency of the network because it becomes closer to fully connected. The more

interesting question then becomes which edge adds the greatest marginal efficiency?

Simple examples show that not every edge adds the same increase in the efficiency of the
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network. One example is a hexagon where each node has a degree of two and the

network structure is a ring. This can be seen below in Figure 1.

The efficiency of Figure 1 without lines A or B is .667. If we add line A, completing the

network property of transitive closure, the efficiency increases to .722. This is a marginal

efficiency of .055 for line A. If line B is instead added, closing the longest geodesic

distance in the network, the efficiency only increases to .711. This gives line B a smaller

marginal increase in efficiency of .044. An additional example demonstrates what

happens with a semi-connected network in Figure 2.

A

B

A

B

C

Figure 2: Disconnected network with hypothetical edges A, B, and C

Figure 1: Hexagon network with hypothetical edges A and B
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Figure 2 shows five nodes and only two edges. The beginning efficiency of Figure 2 is

.25. If line A is added, the efficiency increases to .3, giving a marginal efficiency of .05.

Line B increases the efficiency much more rapidly, giving a measure of .45. This creates

a marginal efficiency of .2. Line B grows according to the preferential attachment model,

creating a new edge with the highest degree node in the network. Line C connects two

isolated nodes in the network and raises the efficiency to .35. This is a slightly smaller

marginal efficiency than that of line B, at .1.

As these simple examples demonstrate, each edge added does not give the same

marginal efficiency. Both the degree-based preferential attachment and the transitivity

models are compared to examine which model has the greatest marginal increase in

efficiency in a computer program. They are also compared to determine if one model is

always more efficient than the other. The preferential attachment model creates star

patterns, or hubs, as each node with the highest degree connects to nodes with lower

degrees. This growth rule will be called the hub model for the remainder of the paper.

As the transitivity model grows, it instead creates small, fully connected subgraphs and

then branches out to include isolated nodes. This would be the difference between

connecting line A as a transitivity example in Figure 2, or line B, as a hub example from

the same figure.

These two growth models are tested, but they are not the only growth models that

exist in networks. For that reason, the marginal efficiencies of these two models are

compared to all other possible edge formations. At each iteration where an edge is

formed, the simulation compares the marginal efficiency from the growth algorithm’s
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edge to the marginal efficiency of all other possible edges. The resulting metric gives a

percentage of possible efficiency achieved by the growth algorithm at each iteration.

While these marginal increases in efficiency may seem trivial, it is important in

understanding where a country should place its resources in the international system. A

fully connected network may be the most efficient, but it is not realistic for all countries

to have direct relations with all other countries in the international system. If a country

has to prioritize limited resources on maintaining only a certain number of relationships,

it is important to know which relationships will create the greatest marginal efficiency.

The two growth models are compared to each other and all other possible growth patterns

in a computer simulation to examine the marginal efficiency on several types of

networks. Networks compared range in size from 10 nodes to 50 nodes and start from

the empty graph and go up to 90% density. Comparing graphs of different sizes and

initial densities allows simulation across a variety of cases to test consistency in the

models. The results of these simulations are discussed below.

3. Results

The hub model is consistently more efficient than the transitive model in graphs less

than 50% dense. Figure 3 below compares the marginal efficiency of each growth

algorithm in an empty graph with 10 nodes.
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Figure 3: Marginal efficiency at each iteration for the hub model and transitive model

As Figure 3 displays, the marginal efficiency at each step in the hub growth algorithm is

consistently greater than the marginal efficiency at each step in the transitive growth model. The

marginal efficiency continues to climb until it reaches a peak, at which point every move after that

provides the same exact marginal efficiency. The hub model initially has high marginal efficiency

by connecting all members of the network before moving on to creating a newhub. On the other

hand, the transitive model creates small pockets ofdensity. This model begins with a triad ofnodes

that is a complete subgraph. After this point, an edge is created to a node outside of the complete

subgraph. This fourth node connects to every node in the subgraph. A fifth node is then added and

connects to all other nodes in the subgraph. This pattern continues until the entire graph is

complete. At every point a new node is added to the subgraph, the marginal efficiency spikes. This

finding is consistent across graph sizes. Figure 4 belowdemonstrates the marginal efficiency ofa

40 node network at each iteration. This graph is consistent with the 10 node network.
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Figure 4: Marginal efficiency at each iteration for the hub model and transitive model

Figure 4 demonstrates the same shape of marginal efficiency patterns as in Figure 3 in a 10

node network. The highest peak ofmarginal efficiency in the transitive growth model does not

occur until the graph is nearly complete, and it does not reach the same level as the peak in the hub

model. Spikes in efficiency are continually found throughout the entire simulation ofa graph for

the transitive model, while the hub model peaks in its marginal efficiency early. Graphs of different

sizes do not share the same peaking point in the hub model. Table 1 shows the metrics at the peak

ofeach graph tested.

Iteration Density Efficiency
10 Nodes 9 0.2 0.3
20 Nodes 19 0.1 0.55
30 Nodes 29 0.067 0.5333
40 Nodes 39 0.05 0.525
50 Nodes 49 0.032 0.52
Table 1: Hub model peaking point metrics

The iteration, density, and efficiency at each peaking point of the hub model for empty graphs of

different sizes is shown in Table 1. Larger networks tend to peak in their marginal efficiency

around 50% ofoverall network efficiency, but the case of a 10 node network is an outlier at only

30% network efficiency. The density at each peak point also decreases as network size increases,
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and this is because the total number of possible edges increases as network size increases. The most

important metric for determining the peaking point in the network is when all nodes are included.

At each of the iterations where the final node is included in the connected part of the network and

no isolates remain, the peaking point is reached. After this point, the edges make no difference in

marginal efficiency. From knowing the number of iterations, this is also the number ofedges in the

network, from which the density and efficiency metrics can be calculated. For empty networks

where the network size is known, the metrics for the peaking point can be calculated.

Comparing these models to all possible models also provides meaningful results. The

transitive and hub growth algorithms were compared to all other possible network choices. After

that point, a percentage of maximal marginal efficiency was calculated. If the growth algorithm

created the edge with the highest marginal efficiency, its percentage was recorded as 100%. If the

edge created had a lower than optimal marginal efficiency, a percentage ofhighest marginal

efficiency was recorded. Across all network sizes of empty graphs, the hub model always chose the

optimally efficient move. This did not hold true, however, for graphs that began at different

densities. Networks of all sizes between 10% and 50% initial densities did not consistently have the

optimal choice using the hub model. Figure 5 shows the inconsistencies in the percentages of

optimal efficiencies in a 10 node network.
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Figure 5: Percentage of optimal efficiency at each iteration of various densities in a 10
node network

This shows that the hub model does not always create the 100% efficient edge in sparse

networks. The percentages of efficiency are less than optimal over the first iterations before the

algorithm starts creating the maximally efficient edges. The hub model had 100% optimum

efficiency in all empty networks and in all networks greater than 50% initial density. It is unclear

why this model does not maintain the optimum choice in low-density networks. Figure 6 shows the

variation in marginal efficiency percentage in a 50 node network with the hub model.
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Figure 6: Percentage of optimal efficiency at each iteration of various densities in a 50
node network

Figure 6 shows that it takes 40 iterations before all of the sparse networks are consistently creating

the edges with the highest marginal efficiencies. The 50 node network only shows a sub-optimal

performance in efficiency for networks with initial densities of10%, 20%, and 30%. Each of these

lines make a slow, somewhat flat climb towards creating edges that always have 100% marginal

efficiency. In terms of international relations, this means that there is no immediate payoff in

efficiency using the hub model in sparse networks. The hub model is based upon a star pattern

where one node bears the costs ofmaintaining a high number of relationships so the benefits in

efficiency can be used for the hub, which also benefits all the other nodes in the system. The other

nodes can free ride on the hub in the system by receiving benefits of having short path lengths to

communicate with all other nodes in the system. Without immediate efficiency benefits however,

there is little incentive for a country to become a hub because the payoff is not as quick or apparent.

In sparse systems, growth under the hub model takes time in iterations before it consistently creates

the highest potential marginal efficiency. This differs from what is seen in the empty networks

using the hub model, where a continuous curve of rising marginal efficiency is apparent.
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The transitive growth model performed vastly different than the hub model in having

optimally efficient edges. In networks ofall sizes with networks of less than 50% density, the

transitive model did not choose the optimally efficient edge. Figure 7 compares the optimal

efficiency percentages across varying initial densities of a 10 node network.

Figure 7: Percentage of optimal efficiency at each iteration of various densities in a 10
node network

The graph of the transitive model shows a much higher variation in choosing the optimally

efficient edge to form. The spikes in choosing the maximally efficient edge are again attributed to

when a new node is added to the existing fully connected subgraph. The transitive model for the

empty network varies throughout the entire simulation until a complete graph is formed; just over

35 iterations. The hub model performs better for marginal efficiency because it takes fewer

iterations for 100% marginal efficiency of edges to occur. If countries have to pay costs to maintain

their relationships, it is important to be efficient while bearing a low cost through a low amount of

relationships maintained. The higher the initial density for the graph, the sooner it created 100%

marginally efficient edges. Figure 8 shows that the empty graph and the graph with an initial

density of10% experience the most variance in sharp ups and downs of optimal choices. The
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higher density graphs experience this less and take fewer iterations to get to the maximally efficient

choice. This is because the higher initial densities are more likely to begin with every node already

connected in some way. Far fewer isolates exist as the initial density increases because it randomly

distributes edges across all nodes in the network. That means that if the initial density is set at 50%,

then 50% ofall possible edges in the network are randomly distributed across the nodes, which

leaves fewer chances for a node to be an isolate than with only a 10% initial density. This effect can

be seen in greater detail in Figure 8 below.

Figure 8: Percentage of optimal efficiency at each iteration of various densities in a 50
node network

The data in Figure 8 is truncated from iteration 45 to iteration 1,175, shortly before the entire

network is complete. The empty graph is the only graph to show variation in the percentage of

optimal efficiency after iteration 45. The graphs starting at 10%,20%, and 30% density take far

less time before every chosen edge is the optimally efficient edge in the transitive model. All

networks above 30% initial density always create the 100% efficient edge for the 50 node network

using the transitive model. Comparatively, the hub model outperforms the transitive model in

marginal efficiency of low-density networks because it takes far fewer iterations for the hub model
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to consistently make the 100% marginally efficient choice. Countries can therefore receive greater

marginal efficiencies in a fewer number of relations and costs using the hub model.

4. Conclusions and Implications

This paper examined how growth algorithms affect the efficiency ofa network. It first

reviewed the literature and found a gap existed between dynamic growth and diffusion models.

Efficiency bridges this gap and allows the network literature to move forward. Efficiency that

modeled distance between nodes was chosen because of its direct applicability to international

relations. Two common growth algorithms found in networks, hub growth and transitive growth,

were compared across simulated networks ofvarious sizes and densities. The results showed that

when a network is empty, the most efficient growth algorithm is the hub model. This model

quickly gives a way for all nodes to connect within a short path length by creating centralized hubs

that all nodes can communicate through. Alternatively, the transitive model connects subgraphs of

nodes before connecting all nodes in the graph. This leads to a less efficient growth pattern. In

terms of international relations, this implies that networks benefit from having global powers that

act as hubs. Rather than connecting to closer neighbors and forming a densely connected subgraph,

countries would be more efficient by placing emphasis on forming relationships with large hub

countries.

Forming connections with nodes that are hubs only works when the density is initially set at

zero or above 50%. It is difficult to imagine a network that has zero connections in today’s

globalized world. However, a strong example of the nuclear umbrella demonstrates the intuitive

benefits ofconnecting to hubs. The initially small network of just the United States and the Soviet

Union controlling nuclear capabilities has evolved over time to a larger complex network. Today

there are still very few countries that actually have nuclear capabilities. Rather than countries
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forming dense subgraphs of relationships with their neighbors to create nuclear capabilities,

countries aligned with a hub that already had nuclear capabilities. This was much more efficient

than forming a collective of smaller countries to compete. Instead, countries like Japan and South

Korea created nuclear relationships with the US, efficiently gaining nuclear protection. Japan and

Korea could have formed a relationship with other allied countries to form their own collective for

creating nuclear technology, but this would not have been an efficient alternative. They needed to

connect to a hub who already had this capability, allowing them to have defense from other nuclear

powers.

While this model is more efficient for the empty network and high density networks, there

remains the question of what the most efficient model is in low density networks. The comparison

of the transitive and hub models still show that the hub model is the better option of the two because

it creates the maximally efficient edges in fewer iterations. However, the hub model is not always

the most efficient model at lower densities out of all potential models. This implies that a better

growth algorithm may be suited to prior established low density networks. It could alternatively

imply that no growth algorithm will lead to the most efficient connections immediately, but that the

hub model gets to the most efficient edges with fewer iterations than other models. More research

should be done to determine if another model would perform better in sparse networks. This has

implications in international relations because hubs have less incentive to grow in sparse networks.

No dramatic payoff occurs in marginal efficiency in sparse networks, as opposed to high efficiency

seen in empty and high-density networks. A world power has to maintain costs of relationships, but

if there is little payoff in efficiency in a sparse network, then the powerful node is unlikely to form

itself into a hub. The finding that the hub network is not consistently the most efficient growth

algorithm is an unexpected result that should be further parsed out.
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While simulations were done across networks of various sizes and densities, the method

still has a few shortcomings to be explored. One of these is comparing different growth algorithms

beyond the transitive and hub models. Several models were discussed in the literature review that

have yet to be explored. This is useful in the case of sparse networks where the hub model is not

optimal. Additionally, the other models should be reviewed for a complete review ofhow growth

models affect the efficiency of a network. Another aspect to further explore is the distribution of the

initial densities. Non-empty networks distributed edges randomly across all nodes. Exploring the

models against othernetwork typologies, such as small-world, power-law, and grid edge

distributions, would be useful. These networks are more realistic and could lead to useful results in

international relations. Another avenue for further research lies in the efficiency measurements

used. Global efficiency places an emphasis on the efficiency of the network. Local efficiency

instead focuses on the immediate ego-net ofa specific actor. Taking this approach and applying it

to specific cases of international relations would be a potentially fruitful approach to understanding

how a country should interact with its network efficiently. Finally, the specific mathematical

principles proving how hub growth affects global efficiency should be determined. Mathematical

proofs to confirm the results of the simulations would move the network literature forward and

expand understanding ofgrowth and efficiency interactions.

Using global efficiency to bring together the dynamic literatures ofgrowth and diffusion

allowed for meaningful results applicable to international relations. Comparisons between the hub

and transitive growth models provided a guide for efficient interaction between countries in the

international system. In order for a globalized system to interact quickly and effectively, hubs are

necessary. Countries benefit from forming relationships with hubs in the international system,

rather than embedding themselves into small, dense groups. In terms of international relations

http://www.go2pdf.com


43

theory, this could be viewed from a few different paradigms. Neorealists would suggest that hubs

in the system are those with the greatest power, and efficiency comes naturally with power status.

Neoliberals would view hubs as necessary connectors in the global system that lead to international

cooperation. Within either theory, the results presented in this paper suggest hubs play an important

role in international relations and are necessary for networks to achieve high efficiency.
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